ferek =8 andc = —3,
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LECTURE NO. 15

{ieat Conduction Equation and its Physical Interpretation:
luestion:

du d%u
E=2ﬁ (1) ~0D<x<3,t>0
siven that (boundary values)
w(0,t) = u(3,t) =0 (0D,
ulx,0) = 5sindnwx — 3sinBrx + 2sinl0mx e (E) = Ju(x

olution: Let
ulx,t) = X(x).T(t) = XT ... (2)
‘aking derivative w.r.to t’

du 3o
ar
‘aking 1*" derivative w.r.to "x’
du .
— = X'T
al o dx
‘aking 2™ derivative w.r.to 'x
d*u X
axz

ly putting values equation 1 becomes
XT =2X"T

XJI _ T _ Az
X 2T (say)
.0,
X
L — 32
¥ A
X' +2°x=0..(a) T
Let X = e™*
X' = miemr = m2x

(a) == m*X+A°X =0

m=+Adi &X =0

2 X(x) = aet™ + ae T

X(x) = a|lcosdx + isindx] + az|cosAdx — isindx]

X(x) = (a; + az)cosdx + i(a; — a;)sindAx

X(x) = Ajcosdx + B, sinix
iere we were solving both functions side by side. Now
‘utting values in equation (z), we get

ulxe, t) = XT = e 24t (A;cosdx + BysinAx) ...

ATHGE4T

lalculating (i) (boundary value) by putting values in equaition 2,
u(0,t) = 0 = e 2"t (AcosA(0) + BsinA(0)) = e 227 4 => A
‘quation 2 becomes
wul(x, t) = XT = B.e 2 tginix ~A=0



LECTURE NO. 25

(ii); For even extension of f(x) = |x| in (-2,2)
This implies 20=4 so =2
For odd expansion; b, = 0 and

I
= %J’ f(x) cos (#) dx
i

For given function,
2

nmx
a, = Jxms )dx => Ixcns(T)dx
0
By integrating and applying limits, we have

Short ”{2 =6 7.

B di £ 2[( 1)n ]
Forn=10,
! 2 2
2 2 x?
ag=-!-J’xdx => Efxdx => [~2-_- => 2
0 0 0
a
-2;-—1

Now putting values in Fourier Series,

f(x) = — + Z [a,, cos + b, sin (m;zx)]

w w

f(x)=l+Za,.cos(nzix)+ﬁ => 1+Z - zl( l)n_llcos(nmn

2
n=1 n=1
f(x) = 1+—[ ans(—]—gcas (hﬂ—;cas{&f—x\— ]



(a); J Acos (”TA) dx = Aﬁ J (%J cos (m;[d)dx = % sin (”':,M)‘._‘ =0
% 4
f !

(b); f €os (?} cos (E)dr = %J. {cas it tjte + cos g n)m] dv=0 ; form#n

{ [ [
-l -

+ Here we use the trigpnometric relation; cosA cosB = %[L‘USI:A + B) + coslfd — B)]

Form = n, we have
I I !

jcas (?)cas (ﬁ] dx = % jms2 (@) dx =% f[l + cos2 (ﬁ)] dx = %Ixﬁ.; =

o =i =1
1 !

1 + =
J m‘rx ms mrrx) 5 - J‘ 15"” (m fn)rrx L (m n}ﬂx] e

[ [
] -l

& Here we use the trigonometric relation; sind cosB = %[sin(fl + B) + sini{d + B)]
Page | 11
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LECTURE NO. 21

By putting values ir| equation 2, we get
I

ff{x]m\' )dx O+ayi+0=>a,=~ ff(x}cns(?)dx
)

This is aur reqmred solution for (). —

Calculating (ii):

Multiplying (equation 1) both sides by sin ( ) and integrating from - [ to [, we have

]
f}' (x) sm jA sIn dr + Z {an jsm cos (n_n;'x) dx + by, fﬂ'n (?) sin {?) d_r] w{3)

i 7 f (| L
i ! !
(a) (b) (c)

Now we'll calculate the values for above functions.
I

(a); j.fl sin ( )dx =g @ ;ina'add YaER
[ = |
(h); £ [ sin (g} cos (?) dr = “ Siag cospy ¢re odd functions Ya,fi € R
| mnxy | MuEs 1% m—nmry m+ n)nx
(c) sm( 7 )sf'f-, (— =5 -'-'{cos[ 7 ) ., —c-;as( : ]dx =0 ; m#n
_p y i pi

4 | Y -
Form = n, we have Y §
. | l S |
X he 1 , (X 1 | mmx 1
- B —— in? | —— — - B — = — i =
J‘TIR( )cm(."r de 5 js‘m ( I )dx : [l ..cnSZ( ! )}d.'x 5 x| =1
_f i v -] LIJ 1
By putting values ..?;-':ajfion 3, we get %
A ol
1
f(x)sin ( )ﬂ'x = 0+0+by1=>b, =7 | f@) Mn

- -
This is our required solution for (ii).

z E!l‘]l!ﬁ“ﬂ H { 'EI'}.

Inteeratine equation 1 from = ! to | on both sides,

II‘."U.'



L) J Prix)i =1, m=143,..

i
Then theset {@y(x)}, k= 1,2,3,.. isorthogonal.
(i)& (ii) implies,
b

f By (). 0, ()X =i =
Orthogonality w.r.to Weight Function:
If

0 if m#n
1 if m=n

b

‘_r im (8 ) ) $lxJWx = Sein
Where w(x) = 0,th=n{& (x)}_, is orthogonal w.r.i» weight unction.

LECTUREND. 33

Obtaining Normalizing Constants Fror thoge .al Sets
Show that the set

. X X Siix 2mx
ll.sm ]

—, 0 =m—,co5s—, ...

! [ [ [
|s an orthogonal set. Also 1 its correspondir  ormalizing constants, so that given set is orthogonal.
Solution: As we know condi = for orthogor et condition

0 if m=n
| onto. dyeax = {7 1 T
=!
Possibilitiesior given set (using Fouiiar series results;
| l
: |’ _ kmx knx
(i): L1 san r=0= |1 casde Yik=123..

-1

HI
(ii): j‘n— ms—dx-ﬂ k+p

!

. _mnx g nmx mnx nex (0 if m#n
(ifil: | sin——din—dx= | cos— cos— dx = i
f l [ [ L if m=n
=] =l

(i) Impliez
i [
J‘sinzﬁdx=f & J‘ms‘!?dx=l

=[ =
I

I ; :

J’(l _ mﬂx)id i J’(l mnx)‘d i
—Sin— X = —rCos X =

J Vi L Vi [

_f:(nwx:z! Aot f(v%) dx =1

Similarly for (i):

Page | 20
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Hence, Orthonarmali ing cc hstar os;




e
of highest derivative involved in PDE.
n which satisfy the given DE. ExamIple:

G e
x°y 2)’

L el
—=x* — xy 1st derivative w.r.to"y’

dy

. d
e - _a_(_y_) = 2X = ¥ 2nd derivative w.r. to s
: oxdy O0x\dy '

=Y —%xyz + F(x) + G(y) is also a solution. Here 'F(x)and G(x) a

' 1t is obtained from the general solution by particular choice of a1
I 1 Lt
w=xty—=mxy? 4 2sinx + 3y — 5§
innot be obtained from the general solution by choosing arbil

LECTURE NO. 07



S i wi
'I o 4l I '||'||Iiull

e i b
HH'MIN"“:',E"" ‘!hu|Il|I||In|||::u::|||:||||i:||iIl:!lll:hllhul e

Fxu=[(RH.S x LF)dt +F(x)

G(t
tu = f ((x2 +-—%2) X tz) dt + F(x)
NIRRT
t?u = f(xzr“ +—(-—)t'3)dt + F(x)
il
3
'_':f- tu = x3%+ {t.(}(r)dt + F(x)

r.m’

LECTURE NO. 13
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I -
r=0=2y=1, r=1=0
g dx = "‘dy

i
* By putting, we get | '

Blm,n) = | (1 W e i

QUEStiOﬂZ Prove tha

Proof: Since




6:10 .l il %o ko @ @ (97}

X PDF Reader © 83

y=e™ = y =mly = m=+iVi; y#0
By superpasition principle;
y=4 cosVix + B sinVix .. (1)
For y(0) = A =0 . So equation (1) becomes
y=8 sinix

MTHe47

And for
y(1)=BsinVi=0 = B#0 &so simfA=0
This implies,
Vi=mn = A, =m'n*; meZ
These are called Eigen values of given 5-L System. And
Vu = B, sin mmx
These are called the Corresponding Eigen Functions.

LECTURE NO. 43 28

Orthogonality of Eigen Functions:
Vo =B, sinmax; 0<x<1

1

f{ﬂm sin mnx)(B, sin nnx) dx

1
=R B J(sin mnx)(sin nex) dx
0

Using relation{2 sinAd sinB = cos(A = B) = cos{A + B)}, we have
Bﬂ'l El'l
2

1
f{cus{m —n) nx — cos(m + n) mx}dx
0

By integrating and applying limits, we get
_B, B, [sin(m =n) nx  sin(m + n) mx '

2 | (m-n)n T (m+n)nm =d

0
Hence, {B,, sinmmnx |-, Isan orthogonal set,

LECTURE NO. 44
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[t + ] m[rns“ tms‘“-!-'msm ]
31 43 md 2 22 2 3 2

Comparing above rulatlun wlth general form;

fix)= —+Zln,. cus )+b sm("“x)i

We have
!
ag 1 16 1 1 1
?‘*Tfﬂ¢“=ﬁb‘ﬁ+¥“r+~]*m
i}
Herg
Fage | 17
MTHELT Handout
I 2
1 1 1] 4
- —_—-— 2 =—=— ==
!ff{x}dx 2ani:u' =13 3
i i a

S0 equation (1) becomes,
4 16 1 1
s=al-Frw-at ]

L_Zc- !
i{ :;:-1 -

=]

ul

Reguired result.
LECTURE NO. 29

Problem:
Check the term by term differentiation of Fourier Series;

flx)= % sme-lsinE+ lshrtgﬂ - ]

2 2 3 2
Solution: Taking derivative,

I [ rx 12m Zru'+ 13n Inx I
x) = —|—cos ——-—cos— —as— = ..
(x) 2 2 2 ) 2 3 23 2
X
f(x)=2 Ims—x- cos ;z - cus%- l

This implies

AT
— f—13ym=1 i
a, = (—-1)" (rns 2 }#D
= Series does not converge = It does not converges uniformly = Term by term differentiation is not
possible.

LECTURE NO. 30

Heat Flow Problem:

A bar of length “I" whose entire surface is insulated including its ends at x =0 and x = [. Its initial
temperature is [(x), then determine the subsequent temperature of the bar.

Solution: It is a heat flow boundary value problem (B.V.P.). As we know heat equation

. o



ferek=8 andc = -3,

lence
H(I,y} — Ee—3{4.r+y] — BE—IE.{—E_\;

LECTURE NO. 15

luestion:

{eat Conduction Equation and its Physical Interpretatiﬂ&'

G o0 2 0 3¢50
—=2-— (1) ~0<x<3,t>

siven that (boundary values)
u{0;t) = u(3,t) =0 (L),

R R 11

ulx, t) = X(x).T(t) =XT ..(z)

olution:; Let

‘aking derivative w.r.to 't’

du Y7
at
aking 1% derivative w.r.to 'x’
du P
F dx
‘aking 2" derivative w.r.to 'x’
U
e i
ly putting values equation 1 becomes
X7 =22"T
X'T
Y — ﬁ = —1*@ ay)
0,
XH'
il TP
X A
I +i1*x=0..(a) T
LetX = e™*

X' =mle™ = m2X

(a) => m*X+ 22X =0

m==4Ai &X =0

4 X(x) = aje?™ 4+ ae

X(x) = a,|cosdx + isindx] + a;[cosdx — isindx]
X(x) = (ay + ay)cosdx + i(a, — a;)sindx







6:03 .al .l = Egrﬁs @ E—j (99 }

X PDF Reader © g3

N el R I B . R T

By putting values
l’u-J (x? + ):-cr?)d:+F(x)
- 2,2 , I\ g
tu J(xl'. = t)d:+F{x}
k |

tlu = x? IT+ J- t.G(t)dt + F(x)

2
Pu= zz?+ H(t)+ F(x)

LECTURE NO. 13
General Solution for Solving PDEs:
FE My #Fu _
Question F+ Sm'i' Zﬂ—r,—'l} ...... (1)
Solution: Lat
u= en-lby

Taking 1" and 2" derivatives w.r.to 'x’

du d
— gy Solax+ b au
3 = y) =
Pu 2 (ﬂu) i) du _ .2
E—EE——RH HE—QH
Similarly taking derivatives w.r.to 'y’
d'u 5
dy? .
And
a%u d fou d du
= (5] = o (bu) = b= = atu
dxdy dx\dy dx ax
Putting values in equation 1, we have
Fage I &
MITHEST Handicut

a’u+ 3abu+ 2bu=10
(a? + 3ab+ 26 )u=10

(a+2b)a+b)=0
By solving, we get
a==2b ; a=-b

uy = e-lbr+by = gbly-1r)

ta = a—brthy — bir-x]
Given PDE |s homogeneous, therefore by superposition principle

u = au; + flu,

By putting values

u=ge?0- 4 Brhb'—:]
Let

ghly-1x] o G[y - 2x) and phlr-x] = H(}" - x)

So, above equation becomes

u=Gly-2x)+ Hiy-x)
Required general solution of given PDE.

LECTURE NO. 14
Solving PDEs by Separation of Variables:



4.7. Evaluate (a) 1(—1/ i

We use the generalization to negativ 2 b defined by T(n) = L’:
72 ‘ GAMMA, BETA AND OTHER SPECIAL FUNCTION

(a) Letting n =—}, I'(—1/2) = Ijiﬁ} = —2v/7.

(b) Letting n = —3/2, T(—8/2) = r-(_._;‘;g) = :23}';;= 4\;;, using (a).

B






Z(C”)Z will converge = ¢, = 0 as

n=1

b

limc,=0 = lim [ f(x)®, (x) d:

n—Co n—oo
(i
reslut.

LECTURE NO. 40

em:
‘oblem of the form:

d d
—lpeo 2] +la@ +areoy =0 as

ayy@+a,y(@=0, By)+B,y
“are given constants and p(x), g(x) and r(x) are
1eter independent of x.

quence of eigon value A, and corresponding eigen

Ay=0 ; B.V.P: y0)=y(@1)=0

df. d
all'd_i]+[(0+il.l)y]={] 0<

1 be written as,
y(0) =1y(0)+0y (0) =0 = a; y(a) 4

y(1) =1y(1) +0y (1) = 0 =B y(b) 4
Sturm-Liouville System, we have
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y=e™ = y =mly = m=+iVd; y#0
By superposition principle;
y=4A cosVAx + B sinvAx ... (1)
For y(0) = A =0 . So equation (1) becomes
y=~8 sinvAx

MTHGA7

And for
y(1)=BsinvAi=0 = B#0 &so sinvi=0
This implies,
Vi=mn = A,=mn’; meZ
These are called Eigen values of given 5-L System. And
VY = B, sinmnx
These are called the Corresponding Eigen Functions.

LECTURE NO. 43 28

Orthogonality of Eigen Functions:
Voo =B, sinmux; 0<sx<1

1
J.{.E,,l sin max)(B, sin nnx) dx
]

1
=R_B, f{s[n mmnx)(sin nrx) dx
]

Using relation{2 sinA sinB = cos(A — B) — cosfA + B)}, we have

1

B, B

=— f{cus{m —n) mx — cos{m + n) mx}dx
0

2

By integrating and applying limits, we get
_ B, B, [sin(lm—n)nx sin(m +n) nx :

2 | (m-=n)n T (m+mn =9

]
Hence, {B,, sin mnx }; -, isan orthogonal set.

LECTURE NO. 44

Normalization of Eigen Functions:
Givenset (&, (x))5a; isorthonormal if

_(0; m=#n

b
J'¢m¢nir=smn = 1; m=rn
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~ lll:a[t 1 - 1 1 -y ] m[msn 1 o nr: 1 msm ]
T omt 22 3 4 7| nt 2 22 2 31 -
Comparing above relation with general form;

fix)= —+Zln,. cus )+b sm("“x}]

We have
a 1 16 1 1 1
; G TI”"""‘E‘!’I’ gry-gt-| -0
1]
Herg
Page| 17
MTHELT Handgut

| 2
1 1 1[«'] 4
- =— z = el =
!J‘f{x}dx zjx dx 3|3 3
i i e
S0 equation (1) becomes,

16 1 1
T-me-ar -]

L_Z{- )
i{ :;:-1 -

=]

4
3

ul

Reguired result.
LECTURE NO. 29

Problem:
Check the term by term differentiation of Fourier Series;

flx)= % srn?x-lsinzﬂ+ lsingﬂ- l

2 2 3 2
Solution: Taking derivative,

s [ nx 12n Zru‘+ 13n 3nx I
)=— ————cos— ——s— = .
(x) 2 22 ) 2 3 23 2
X
fx)=2 Ims—z- cos :x - cns%- ]

This implies

_ 1 [ o 8
a, = (—-1)" (rns 3 ) =0
= Series does not converge = It does not converges uniformly = Term by term differentiation is not
possible.

LECTURE NO. 30

Heat Flow Problem:

A bar of length “I" whose entire surface is insulated including its ends at x =0 and x = . Its initial
temperature is [(x), then determine the subsequent temperature of the bar.

Solution: It is a heat flow boundary value problem (B.V.P.]. As we know heat equation

. T a%



ferek=8 andc = -3,

lence
H(I,}'} — Ee—3{4.r+y] — EE—IR.{—E_\I’

LECTURE NO. 15

luestion:

{eat Conduction Equation and its Physical Interpretatin&'

o _n0% 2 0 3¢50
—=2-— (1) ~0<x<3,t>

siven that (boundary values)
u(0;t) =u(3,t) =0 s,

TR 1 ¢ )

ulx,t) =X(x).T(t) =XT ..(2)

olution: Let

‘aking derivative w.r.to ‘t’

du Y7
at
aking 1% derivative w.r.to 'x’
du P
F dx
aking 2™ derivative w.r.to 'x’
U
e i
ly putting values equation 1 becomes
X7 =2X"T
- Gl i
Y = ﬁ = -‘,12 & ay}
0,
XH'
R PR |-
Y A
I $1*x=0..(a) (l
let X =™

X' =mie™ = m2X

(a) => m*X+2*X =0

m==4Ai &X =0

“ X(x) = a et + ae

X(x) = a;lcosdx + isinAx| + a;lcosdx — isindx]
X(x) = (ay + a;)cosAx + i(a, — a;)sindx

LT . T T T T . TS .,
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By putting values
tu= J ([.I2 - @] x rz) dt + F(x)

Gi(e)
- N 2,2 2
tiu J(rl‘. - t)d£+F{x}
3
tu = x? IT+ f t.G(t)dt + F(x)

R
tu= 11T+ H{t) + F(x)

LECTURE NO. 13
General Solution for Solving PDEs:
FEM My F e
Question a_1+3aa:+za_,1_“ ,,,,,, (1)
Solution: Let

u= E..l‘-l-b}'
Taking 1" and 2" derivatives w.r.to 'x'

du
—_— ey + ) =
3z ¢ (ax + by) = au
d%u 4a (ﬂu) ﬂ( - du 3
E—EE——EH RE—GH
Similarly taking derivatives w.r.to 'y’
alu y?
ﬂyl_ "
And
al d sd d d
= (5) = (bu) = b 5 = abu
dxdy dx\dy dx dx
Putting values in eguation 1, we have
Fage [ &
MTHEST Handg st

a’u+ 3abu 4+ 2bfu =0
(a? + 3ab+ 26 )u=0

(a+2b)(a+b)=0
By solving, we get
=-2b; a=-h

u, = e-bs+by = ghly-2x)

by = l‘!_‘h +hy = E.I'Lr—r]
Given PDE |s homogeneous, therefore by superposition principle
= au; + fuy
By putting values
u=ae? 2 4 geb-u

Let
et = G(y - 2x) and V) = H(y - x)
S0, above equation becomes



3 ) G(t) -‘).

= ((r'“ + —~—-—t ) X t-")dr + F(x)
L ey Il

'y = ’ (\ [“ 4 -—-;—r ]dr' + £(x)

U = x* el ; L.G(E)dt + F(x)

LECTURE NO. 13

for Solving PDEs:

(
el 010 0 6 O Vol e

POP4 ;7=
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"y

Vr
(distance between planes approaches to zero), sowec — i

Heat flow across plane | = {—k

LECTURE NO. 06

al Equations (Definition and Related Terms):

1 equation containing unknown functions of two or more ve
ibles. Example
9%u
dxdy
‘der of highest derivative involved in PDE.

inction which satisfy the given DE. Example:

=2x—Yy order = 2

1
i N

u=xy > Xy
ou 5 . i
— =x?—xy 1st derivative w.r..
dy
azu—a(au)—Zx 2nd derivati ¥
Sxdy = 3y = y nd derivative w.

¥y - %x}'z + F(x) + G(y) is also a solution. Here 'F(x)and
in: It is obtained from the general solution by particular choi

1
TE T —E:acy2 + 2sinx + 3y* =5

: It cannot be obtained from the general solution by choosin

LECTURE NO. 07

= Jy=s>y= % (Incx)? (General Solution—Here 'c’ is
) a solution of given DE.As it is not obtained from general s
(A ¢ €R such that y = 0)







5.6. Solve the integral equation

j:f{x}sinamdz = {IEE l}ézf:
If we write
Fgle) = J:-ﬂ:r}linn:dx = {1;: HE:::
then, by (10), page 81, -

fiz) = -E*L Fs{n}:inaz_ia 1

. zf‘uﬁ;.maa
Long question -.°
_ 2(x —sinz)

rx?



V ELs VL =) WV Li = V L ¥ R

Let {¢ (x)} be a set of functions which are mutually orthonormal in (a, b).
that if i ¢, ¢ (x) converges uniformly to f(x) in (a,b), then
n=1

e, = J 1@4)dz

Multiplying both sides of

f@) = 3 euonle)

by #m(x) and integrating from a to b, we have
b an b‘
J- f(z) gm(x)dz = I e J- #m(x) @n(2) dz

where the interchange of integration and summation is justified by the fact that the series ¢
uniformly to f(z). Now since the functions {¢,(x)} are mutually orthonormal in (a, b), we

b 0 m#=n
j: bu(@) dule) dz = {

1 m=n
so that (2) becomes b
1@ pn@ dz = on
as required.

We call the coefficients ¢, given by (3) the generalized Fourier coefficients correspo
f(x) even though nothing may be known about the convergence of the series in (7). As in
of Fourier series, convergence of 3 ¢, ¢,(x) is then investigated using the coefficients |

n=1

conditions of convergence depend of course on the types of orthonormal functions used.
remainder of this book we shall be concerned with many examples of orthonmormal funct
series,



4.7. Evaluate (a) 1(-1/2

We use the generalization to negative I'(n

.ues defined by I'(n) = ==

Short

72 GAMMA, BETA AND OTHER SPECIAL FUNCTION

(@ Letting n=—4, (-1/2)="02 = —av7

(b) Letting n = —3/2, 1(—3/2) = I'_(:;,;z} = :23};; = 4\;;, using (a).

Then I(—5/2) = I{?}f =-2 7

THE CONVOLUTION THEOREM FOR FOURIER TRANSFORMS
The gnmnnletiom ~8 éha fynctions f(z) and g(x) is defined by

Mch e = f_:ﬂulﬂ{i—u}du

An imporuany uneorem, orven referred to as the convolution theorem, states tha
transform of the convolution of f(x) and g(x) is equal to the product of the F
forms of f(z) and g(z). In symbols,

Firtgy = FiHFg

Th Mcqs 1er important properties. For example, we have
f, g, anu ...
f*9g =g9*f, f*(@*h) = (f*g)*h, f*(g+h) = f*g+f*h

i.e., the convolution obeys the commutative, associative and distributive laws



24

(0
K3

n=l

ghow that for n =1,2,3, ..., ’

If the series A + i (a. cos EEE + by sin %E) converges uniformly to f(z) in (=L, L),

@ o= f fa@eostdn ®) b= S sin ", © A =%

{a) Multiplying fiz) = A+ El (ﬁ‘ ,_.“155 + b, dﬂl_;ﬁ 0
A=
Wi

by gu'._L_ and integrating from —[L to L, using Problem 2.3, we have
L L
M frird
J._L fix) cos —5— e A I_Ll‘.‘ﬂl o dx
L L
~ mer ner Mrx , NrX
N —— L e == ds
Pﬂgl{n, “Lmﬂ cos li:-l'-b.JiLm T sin—p }
= anl if m#£0 (#)

T x

L

sl
Thus o = %[ D eos™Zde H m=113,...
=L

(b) Multiplying (1) by ain% and integrating from —L to L, using Problem 2.3, we have

L L
(fosnFar = 4 f sn"Ffae

- x L msr nrr J"" . WTE . maX
) R {HI_L““T‘“Td’ th) T
4“} - bl
L
Th. oo b = %_f fe) sin ™o de it m=1,2,8, ...
: ~L
{e) Integrav \I) from —L to L, osing Problem 2.2, gives

_]'L W= L W = if‘ flz) dz
-}, 2L —L

?-
The above results also hold when the integration limits —L, L are replaced by ¢, ¢ + 2L,

Note that in all parts above, interchange of summation and integration is valid because the
series is assumed to eonverge uniformly to fir) in (=L, L). Even when this assomption is not
warranted, the coefficients o, and b, as obtained nbove are ealled Fourier coefficients corresponding
to fix), and the corresponding series with these values of a, and b, is called the Fourier series
corresponding to f(z). An important problem in this case is to investigate conditions under which

this series actually converges to flz). Sufficient conditions for this convergence nre the Dirichlet
conditions established below in Problems 2.18-2.23,

L.
Putting m =0 in the result of part (), we find aq =i_f fis)ds endso 4 =2
—-L



LAPLACE’S EQUATION

2.30. Suppose that the square plate of Pmbleﬁl 2.29 has
three mdes kept at temperature zero, while the

where y =1, as shown in Fig. 2-16. Since we Vlish the
steady-state temperature «, which does not depend o} time ¢,
the equation is obtained from (7) of Problem 2.29 by setting
du/dt = 0; i.e. Laplace’s equation in two dimensior}: i

0 (1)

The boundary conditions are

u(0,9) = w(l,y) = ulz,0) = 0, ufz,i) = Mcqs

and Ju(z,y)] < M.

To solve this boundary value problem let # = XY in (1) to obt
XH‘ Y

rr [ | . i gt

| X"Y + XY = 0 or % 3
Setting each side equal to —A2 yields |

X"+ A2X Y'—2Y = 0

Il
=



& 4 [ CO8 &x

COS 4x

r r\22—1

+ +

8-1 T@=1"

2.12. Expand f(z) =2z, 0<z <2, in a half-range (a) sine series, (b) cosine series.

(a) Extend the definition of the given function to that of the odd function of period 4 shown
Fig. 2-12 below. This is sometimes called the odd extension of f(x). Then 2L =4, L=2.

Short "
7 Vi
7 y Vs
£ 0 7 x
T ya T 7 T A T
-l f-‘ -3 f : | ‘/ 4 ] /‘
F S/ Vg 7
7 V4 7 7
Thus a, =0 and _
_ 2 L nrx _ 2 ey nsx
b, = E_fu flz) sin ™ dz = Ej;zlm =2 4z

- {o2p) o

flx) =

na] AT

= i sinﬁ—lnin
T ow 2

2

Shon )}

= =—Ccoanr
o nsr

—4 cos ne sin 2ZZ

2ex 1 Brx
2 tasinTy )



Z(C”)Z will converge = ¢, = 0 as

n=1

b

limc,=0 = lim [ f(x)®, (x) d:

n—Co n—oo
(i
reslut.

LECTURE NO. 40

em:
‘oblem of the form:

d d
—lpeo 2] +la@ +areoy =0 as

ayy@+a,y(@=0, By)+B,y
“are given constants and p(x), g(x) and r(x) are
1eter independent of x.

quence of eigon value A, and corresponding eigen

Ay=0 ; B.V.P: y0)=y(@1)=0

df. d
all'd_i]+[(0+il.l)y]={] 0<

1 be written as,
y(0) =1y(0)+0y (0) =0 = a; y(a) 4

y(1) =1y(1) +0y (1) = 0 =B y(b) 4
Sturm-Liouville System, we have



ferek =8 andc = -3,

fence
H(I,}'} — 88—3{4x+y_] — EE—IZ.:—B}I'

LECTURE NO. 15

leat Conduction Equation and its Physical Interpretation:
luestion:

du d*u
—=2-—— .(1) ~0<x<3,t>0
siven that (boundary values)
u(0,t) = u(3,t) =0 Ly
u(x,0) = S5sindmx — 3sinBnx + 2sinl0mx ... (ii) -~ |u(x

olution: Let
ulx, t) = X¥(x).T(t) = AT ..(2)
‘aking derivative w.r.to 't’

du Y7
at
aking 1% derivative w.r.to 'x’
du o
F dx
aking 2" derivative w.r.to 'x’
o ..
T
ly putting values equation 1 becomes
XT =2X"T
X'r
~ =55 =& (say)
0,
XH'
il
}f A
¥ $1:x=0..(a) T
let X =™

L]

X' =mie™ = miXx

(a) => mX+A*X =0

m=+Ai &X#0

“ X(x) = aje?™ + ae =

X(x) = a;lcosdx + isindAx| + a;[cosdx — isindx]
X(x) = (ay + a)cosAx + i(a; — a;)sindx

Wl N oA % . Ty W




r e e s v e = ~ an
Vu

Heat flow across plane | = {—k vr
I

(distance between planes approaches to zero), sowec — /i

LECTURE NO. 06

al Equations (Definition and Related Terms):

1 equation containing unknown functions of two or more vz
\bles. Example
0%u
dxdy
‘der of highest derivative involved in PDE.

inction which satisfy the given DE. Example:

=2xX—y order = 2

u = x’y— %xyz
du 5 i
E = x* —xy 1st derivative w.r..
d%u d (Ou o
oxdy i (ﬂy) =2x—y 2ndderivative w.r

¥ — %xy?‘ + F(x) + G(v) is also a solution. Here 'F(x)and
n: It is obtained from the general solution by particular choi

2 L : 4
u=xy—§xy + 2sinx+ 3y*—5

: It cannot be obtained from the general solution by choosin

LECTURE NO. 07

=,Jy=>y= % (Incx)? (General Solution—Here "¢’ is
) a solution of given DE.As it is not obtained from general s
(A c €R suchthat y =0)



LECTURE NO. 25

(ii); For even extension of f(x) = |x| in (—2,2)
This implies

2l=4 so

=2
For odd expansion; b, = 0 and

3 nmx
a, = Tj f(x) cos (T) dx
i
For given function,

2 2

2 n;'r:r m'rx
a, = X r:as dx => | x cns
u

0
By integrating and applying limits, we have

~Sho rt O G

Forn=0,

o => —— -1 - 1]
| 2
2 2 2|
ag =-J’xdx => ——fxdx => |—| => 2
l 2 2|,
0 0
Now putting values in Fourier Series
g 3 nmx . /nmux
f(x) = > + Z [a,, cos (T) + b, sin (T)]
(€] "=l [7=]
nmx
f{x}=1+z:1,, cas(T)HJ => 1+Z

nwx
2l(—l}““— llcns( ; |
n=l n=|l
Fix) = 1+i,[—2¢as(¥]—;cas 3”)-: cos SM - ]



