_SOLVED EXERCISE MTH-632

Complex Analysis & Differential
Ceometry

Instructor

Dy, Dethail - Igbal

Midterm’s Syllabus Solved Exercises

Book Name: Brown-Churchill-Complex Variables and Application 8th edition

Chapter 1 Section 2,3,4,8,10,
Chapter 2 Section 12,18,20,23,25,26
Section 2 Basic Algebraic Operations
Question No.1: Verify that
N (\/E—i)—i(l—\ﬁ)=—2i
proof:
LH.S = (J_ ) ( ~\2i |)

=J2-i—i++2i

=\2-2i+2(-1)

=J2-2i-2

=-2i=R.HS



b):

LH.S =(2,-3)(-2.1)
=(2-3i)(-2+i)
=2(—2+1)-3i(-2+i)
= -4+ 2i +6i - 3i°
—4+8i-3(-1)
=-4+8i+3
=-1+8i =R.HS

=(2,1) = R.HS
Question No.2:
a): Show that Re(iz)=-ImgZ;
Proof:

L.H.S =Re(iz)
=Re(i(x+iy))
= Re(ix+i’y)
=Re(ix—y)

=Yy
=—Im(z)=R.H.S



b): Show that Img(iz)=Re z;

Proof:
LH.S =Im(iz)

=Im(i(x+iy))

= Im(ix+i’y)

=Im(ix-y)

=Re(z) =R.H.S

2 _ 2

Question No.3: Show that 1+2)" =1+22+2
Ans:
Question No.4: verify that each of the two numbers z =11 satisfies the equation
22 -27+2=0
Proof:

a): when z=1+ithen

LHS=2>-2z+2
=@1+i)*—2(1+i)+2
=@+ () +2)(i)-2-2i+2
=1+(-1)+2i—-2-2i+2
=0=R.H.S

b):  when z=1-ithen

LHS=22-22+2
=(-i)*-2(1-i)+2
= (2 + () -2Q)(i) —2+2i +2
=1+(-1)-2i—-2+2i+2
=0=RH.S



Question No.5: Prove that multiplication of complex numbers is commutative.
Proof:

Let z, and z, be two complex numbers such that z, =x +iy, and z, =x, +iy, where
X X, Y1, Y, €L

= (% +iy; ) (X, +y,)
(%) (%, +iy, )+ (iy; ) (X, +iy, )
= () (%) + (%) (i, ) +(1y2) (% )+ (11 ) (i, )
(%) (%) +106)(¥2) +1(¥2) (%) + D) (v)(Yz)

= (%) (%) +1(¥2) (%) +1 (%) (%) + D) (¥2) (1)

As real numbers are commutative

(%) (%) +106)(¥) +1(Y2) (%) + DO (¥2) (%)
(%) (% +iyy )+ (iy, ) (x, +iy;)
(

X, +1Y, ).( X, +iy,)
=2,2,

Hence complex numbers are commutative.

Question No.6:_Verify the associative law for addition of complex numbers
Proof:

Let z,, z, and z, be three complex numbers such that

=X +1y,, Z,=X,+iy, and z, =X, +1y, where X, X%,,Xs, ¥y, ¥,, Y5 €[

(z,+2,)+ 25 = (% +iy,) + (%, +iy, ) )+ (X +iy;)
= (% + %)+, +Y,))+ (X +iys)
= ((%+%) i (Y, + Y1)+ (% +iys )

As real numbers are commutative



= (X %)+ X +i (Y, +Y,)+iys
:x1+(x2+X3)+i((y1+y2)+y3)
:x1+(X2+X3)+i(y1+(Y2+y3))
=X (X, + %) +iy, +i (Y, +Ys)
=x1+iy1+(X2+X3)+i(y2+y3)
= 21+(ZZ+23)

Question No.7:

Ans:

Question No.8:

a): Write (x,y)+(u,v) =(x,y) and point out how it follows that the complex number
0=(0,0) is unique as an additive identity.

Ans:

(X y)+(u,v)=(xY)
(X+1y)+ (U +iv) = (x+1y)
(X+uw)+i(y+v)=(x+iy)

Comparing the real and imaginary numbers on both sides,
X+u=x and y+v=y

X+u=x and y+v=y
= u=x—x and v=y-y
u=0 and v=0

Hence (u,v)=(0,0)=0
Suppose there is another additive (c+id) identity then
(x,y)+(c,d)=(xy)

(X+1y)+(c+i) =(x+1y)
(x+c)+i(y+d)=(x+1iy)

X+c=x and y+d=y
= c=x-x and d=y-y
c=0 and d=0



Hence (c,d)=(0,0)=0=(u,v) proved that additive identity is a unique number.
Question N0.9:  use -1=(-1,0) and z=(x,y) to show that (-1)z=-z
Ans:

Given that —1=(-1,0)=-1+i0 and  z=(X,y)=x+1y

LH.S=(-1)z
=(-10)(x,y)
= (-1+10)(x +1iy)
= (-D)(Xx+iy) +10(x+1y)
=-X-iy+i0-0
=-(x+ly)
=-z=RH.S

Question No.10: use i =(0,1) and y =(y,0) to verify that —(iy)=(-i)y. Thus show that additive
inverse of a complex number z=x+iy can be written —z=-x-iy without ambiguity.

Proof:
i=(0,2) and y =(y,0)

LH.S = —(iy)
=-((0,1)(y,0))
=-((0+i)(y+i0))
=-((0)(y +i0)+(i)(y +i0))
=-(0+i0+iy-0)
—-((0-0)+ ()(y +0))
—()y=RH.S

Additive inverse gives the zero number in complex numbers
If z=x+1y then let w=u+iv be the additive inverse of the z, so

z+w=0+i0
(X+iy)+(@u+iv)=0+i0
(x+uw)+i(y+v)=0+i0

Comparing real and imaginary parts



X+u=0 and y+v=0
u=-x and v=-y

AS

wW=u+iv
=-X-iy

= -(x+iy)
=-Z

Hence additive inverse of a complex number z=x+iy can be written —z=-x-iy

Question No.11:solve the equation z°+z+1=0 for z=(x,y) by writing
(x y)(x, y) +(x,y)+(10) =(0,0)

Ans:

22 +z72+1=(X%Y)(X Y)+ (X, y)+(0)
= (X —y*, yx+Xxy) +(x, y) +(10)
= (X* =y, yx+xy) + (%, y) +(10)
=(X* = y* +X+1 yx+ xy+ y+0)

Given z°+z+1=0
Comparing real and imaginary parts
(X* —y? +X+1, yx+xy +y+0)=(0,0)
The real part is XX =y +x+1=0 ... 1 and
The imaginary partis yx+xy+y+0=0 ............. 2

Solving equation no. 2

2xy+y=0
y(2x+1) =0
y=0 or 2x+1=0
-1
X=—
2

When y=0 then this equation does not satisfied.



Put this value of x in equation 1

1, 1
——y° —-=+1=0
4 y
1-2+4 2 _p
4
E_ 2_-0
4
3
2— J—
' \a
o
4
Hence x:_—land y=J_r—3
2 4

z:(x,y):(—%,i

When y=0 then this equation does not satisfied.

Complex Numbers: Trig ldentities: 1
De Moivre's Theorem states that for whole number n,
(cos @ +isinf)" = cos nfl + isinnd.

We can use this fact to derive certain trig identites: an example of a use of complex numbers to do real calculations that would oth
we express $\cos 5 'theta$ in terms of powers of $\cos \theta. $

cos 56 + i sin 50 = (cos @ + i sin )’

cos’ @ + 5icos” @ sinf + 107 cos’ @ sin” O+
107 cos” Bsin® 6 + 5i* cos @ sin* 0 + 7 sin’ 0
= [cos” @ — 10 cos” fsin® A + 5 cos Asin* A]+
i[5 cos® Bsin@ — 10 cos” Bsin’ A + sin’ 6].
Comparing real parts,
cos 50 = cos” @ — 10 cos” A sin” B + 5 cos fsin* 6.
Using the substitution sin” @ = 1 — cos’ f,
cos 30 = cos” f — 10 cos” (1 — cos” ) + 5 cos B(1 — cos” 0)’

16cos” ) — 20cos §+ 5cosb.



Section No. 3

Solved Exercise

1. Reduce each of these quantities to a real number.
142 2-i_(1+2i) (3+4i +(2—i)i
3-4i  5i \3-4i)\3+4i) (G

3+4i+6i—-8 2i—i®
TR @iy | s
-5+10i_2i—(-1)
9-16(-1)  5(-1)
-5+10i 1+2i
25 5
(-5-+10i)—5(L+2i)
25

5+10-5-10i -10 2

25 25 5

b):

5i Si(L+i)(2+1)

@-)2-DE-1) (@ -0)%)(@7*-@0)*)E-i)
Bi(2+i+2i+i%)

(1-(-1))(4-(-1))(3-i)
5i(2+3i-1)

(1+1)(4+2)(3-10)

_ 5i(1+3i)

10(3-1)

Ci+3i°

~2(3-1)

Q-3

~2(3-i)

(-1

T2B-0) 2




0 (L-i)t=?

1-1)* = (@) + () -20)()

=1-1-2i=2i
(@-i)' =@-i)* @~
= (2i)(2i)
=4i* =4(-1) =4
2. Show that
TRYSERE R S
y z z
z
_ 1z 1z
1tz 7tz
=2_7-RHS
1
3. use the associative and commutative laws for multiplication to show that
L.H.S =(2,2,)(z,2,)
=(2,2,)(z;2,) v (z,2,) =(z,z;) commutative law
=(2,)(,2,)(z,) “(2))(z,2,) =(2,2,)(z,) associative law
=(2,2,)(2,)(z,) (2,)(2,2,) =(z,2,)(z,) commutative law
=(2,2,)(2,2,) w(2,)(2,) =(2,2,)
=R.H.S
5. Drive expression

z X, — .Y X, —
LXMWY W XY, (g
22 X2+y2 X2+y2

Let z, =x +1y, andz,=x,+iy, where (z, #0)



LHSs=24
Z,
— X1+iy1 .X2_iy2
X, + iyz X, — iyz
— XX, + izY1Y2 + iylxz —iX1y2
(%, +1y, ) (%, =iy,)
— X1X2 + (_1)y1y2 + i(ylxz - X1y2)
2 . \2
(Xz) _('yz)

_ XX — Vi, + i(leZ — lez)

X22 _(_1) yz2
_ (4% =YY, )+ (Y% — %Y,
X'+,
— XX = Y1Y, +i YiX, = XY, =RHS
X +Y; X; +Y;

Drive the identity




7. Use the identity to drive the cancellation law,

4t _ 4
2,2 1,
LHS. =22
2,z
2z 77! i a
= multiplying numerator and denomerator by z
2,2 7
-1
2, 2z -
=—— associative law
z, 22
_al vz t=1
z,1
~4_RHS
ZZ
Section 8
Exponential form
1. Find the principal argument Arg z when
a): = 1
' —2-2i
Answer:
Definition: (principle value of arg of z):-

Let z=0 be acomplex number. Then principle value of argument of z, denoted
by Arg z isaunique value of ¢ such that

z=r(cos@+ising) —-z<O<z

Principle value of argument of z is also referred as “The argument of z”

argz=Argz+2nzr n=0,+1,+2,+3,—————



P
—2-2i
i @a-i
—2(1+i) (1-i)

. St

3 i—i

___2((1)2—(i)2) E()yf
i—(-1) 4 Y

“2(1-(D) !
1+
C-2(1+1)
14011
4 4 4
z:x+iy:—l—i1
4 4

X=—l , y=_1

4 4

f=tan" (Xj =tan™ {—%] =tan"(1) = %

As x and y are negative so angle lies in the 3" quadrant, so we add = to z,

Arg z=n+Z :5—7[
4 4

this angle in anti-clockwise direction.
For clockwise direction from positive axis the angle is

Arg z=5—”—27r=—3—”
4 4

See example z=-1-i on page 23 in handouts of MTH 632 written by Fiddling writer.



Second method.

Z= -
—2-2i
Arg z=Arg (i)- Arg(-2-2i)
For Arg(i) =(0+i)

If z#0 and x=0 , then we use the following rule:

Argz:% If Imz>0

Argz:—% If Imz<0
. . T
So, for Arg(|)=(0+|)=5

For Arg(-2-2i)=tan™" [_—ij =tan™'(1)= %

As x and y are negative so angle lies in the 3" quadrant, so we add = to % .

7 S5

Arg(2-2i)=r+2 =22
9(-2-2i) =7 12

Arg z = Arg (i)- Arg(-2-2i)

Arg z:z—s—ﬂ
2 4
Arg 7 = 2r—5r __ 31
4
b):  z=(3-i)

r=|z|:m

olN

f=tan™* (

ok



To write in rectangular form.

(3-i)=re’ = Ze%

2=(3-i) =(2eizj

Zl6

el _gaen
O=rx
Check.(For principal angle we subtract angle % from ~ and here we just find the angle so we
do not subtract.)
2. show that [e”|=1
Solution:

LH.S = ‘e‘a‘ =|cos @ +isin 6|

= \/(cos 0) +(sin 6)*

—/cos? @ +sin?0 =1

=1=RH.S

show that e = e

Solution:
LH.S :eﬁ =cos@+isind

=Cc0os@—isin@=cos@+(—i)sin@
=e”=RH.S



4, show that ‘e‘e —1‘ =2
Solution:

LH.S=]e" -1
=|cos@+isind-1] 0<0<2r
when =7

=|cosz +isinz -1

=|-1+0-1

—|-2|=2=RH.S

5. By writing the individual factors on the left in exponential form, performing the needed
operations and changing back to rectangular coordinates, show that

a): i(1—3)(3+i) = 2(1+/3i)
Solution:

Exponential form are

|=¢ =COSE+|S|n—=|

(1—J§i) :2cosg—2isin%:2e E

(f3+i) :2cos%+2isin%:2ei6

LH.S =i(l—3i)(v3+i)

NS




b): LHS=—=——
) 2+i <3¢

N EVARN VR

8. Prove:

Solution:

LH.S = exp(i #jexp(i Mj

5| e’

2

oo 45 252552

= cos[‘g1 9 Jcos[al —% j—sin(ujsin(—gl _sz
+i sin(ujcos(ﬂjmos('gl il jsin('gl _92)

:m{Q+@+@;@

2

=cos(6,)+isin(6,)
—e" =exp(if) =R.H.S

b): LH.S =exp(i¥jexp(i#j

=| COS

=| COS

=| COS

6, +0,
2
6, +0,

visn( 32 ][ A5 eion 452
visn( 5% e 45 | -tan( 5% )

12 cos(—el_92j+sin(61+92)sin(01_02j
2 2 2

+i Sin(91+02j003[61_92)—003(91+92jsin(01_ezj

0,+0, —01_02j+i8in(01+92 _Hl—ﬁzj
2 2

2

=cos(6,)+isin(6,)
—e'% —exp(i6,) = R.H.S



10. use the de Moivre’s Formula to drive
a): cos36 = cos® & —3cosdsin® 6

Proof:

sin38 = 3sinf —4sin®6
cos30 = 4cos*l — 3cosh

3tanf — tan®#

tan 36 -
o 1 —3tan%6

L.H.S = cos® & —3cosdsin® & = cos® & —3cos O(1 - cos® &)
=co0s®@—3cosd+3cos’ o
=4co0s*0—-3cosf=cos30=R.H.S

(cos@+isin 6?)3 = (cos@ +isind)(cosé + isin@)(cosd + ising)
= (cos’0 - sin0 +isin fcosd + i cos Osind ) (cos + ising)
= €0s°0 +icos?dsin @ — sin’fcosd —isin® @ +icos’Asin @ —sin’6 cos @ + i cos” Hsin @ —sin® @ cos &
= c0s°@ — 3sin’fcosh + 3icos’Asin O —isin® @
= c0s°6 —3sin’fcosd +i(3cos’dsin 6 —sin® 6)
using de Moivre’s law

c0s 36 +isin 36 = cos®@ — 3cossin’€ +i(3cos’sin @ —sin®)
Hence
c0s 36 +isin 30 = cos’d — 3cos@sin’
And

sin36 = 3cos?dsin & —sin® @



Section 10

Examples:
1. Find the square root of 2i, Topic 12 time 15 mint

Answer:

1
We can write square root of 2i as (2i)2

2i:2£cosz+isinz =2exp i(z+2k7zJ k=0,1
2 2 2

_ypl57)
Taking square root
o -
When k=0
NAGUEN AN f(cos%ﬂsin%j:lﬂ
When k=1

+(D) 7
\/_( lj \/_e( ] \/_(cos%ﬂsin%j:—l—i:—(1+i)
So the roots of 2i are £(1+1)

1. Find the square root of 1-3i Topic 12 time 15 mint

Solution:

1-3i= cos( 6j+|sm( 6) Zei(_%ﬂk”]

Taking square root

(1—«/§i); :[ '[‘+2k”)]

N

=2e [_Hkﬂj k=0,1



When k=0

(1— J3i ); = ﬁei(%wj

AN (COS[—%)”S‘”(_%D

When k=1

V4

(1_\/§|); :ﬁei( 12+(l)7z)

_ \/Eei(%”j _ ﬁ[cos(%) +isin [ﬁn

C s[\B-i) . B
-5

J3-i
2

So the roots of 1—+/3i are +

1 1

2. (-16)* = (-1x16)* =(i*x2*)

We find the square root of i.

Topic 25 examples:

&
I&

12

%:Z(i)%:Z\/i_



L

B Complex Limits

Nonexistence of limits
Example: show that the limit
Z

lim =
z=0 Z

Does not exist.

Solution: First we calculate the limit when z approaches to
0 along the real axis

Z x +i0 /

lim == lim —=|liml=1%
z=0 7 x=-0x—i0 x=-0

If z approaches 0 along the imaginary axis.
Z O0+1
lim = = lim = lim-1= —1/
z=0Z7Z y=-00—7F x=0

As 1 is not equal to -1 so, limit does not exist.

- Complex Limits .

Example: show that

lim 2= %,
Z=2Z0

Solution: 7

€70 §=€
[#0-Bl<E | zp) <5t
& |3-3 <€ = [#(1-5]<E

» Fa.alct T |
=7 I{; Z/<£/ /{(z)«z,,kg WM/Z’ZDKX
(=7 -




Example: Show that

limz =z,
72,

Solution:

Let £ be any real non-negative number. ¢ >0.

|f(z)—z_0 <e
= |7—Z <&
= |z—zo<g
o |z-z)<e
If o=¢
|z-z,|<5=¢
= |f()-z|<e

|f(2)—z,| <& whenever |z—z,|< 55
Topic 26
» Recall: Complex Limits

The limit of f as z = z, exits and is equal to L if

“For every & > ( there exists a & > 0 such that
|f(z) = L| < &whenever0 <|z—2z,| <4d."

This fact is denoted as
lim f'(.z) = [,

Z=Zo



- Complex Limits .
A complex function is of the form

f(z) = f(x+iy) =ulx,y)+iv(x,y)
We find a relation between the complex limit of f(z) and the
real limits of the multivariable real function u(x, y) and

v(x,y).

;j!—elation between Real and Complex Limie

Main motivation

Theorem

Let f(z) = u(x,y) + iv(x,y) be a complex function that is
defined in some neighborhood of z,, except perhaps at
Zo = Xo + i)/o. Then
.,,'l.'?,,‘o/(”) = ug + ivy
iff
lim u(x,y) = uy and lim v(x,y) =v,.
(%)= (X0.¥0) (x.y) = uo i) A=

3
Example: if u(x,y) :% then show that.

(x*+y)

lim u(x,y)=0

(x,¥)—(0,0)
Solution:

X=rcosd, y=rsind
2récos’ @

. =2rcos’ o
rcos’@+r’sin?é

u(rcos@, rsing) =




In polar form:

lu(x, y)—0|
‘Zr cos® 6" =2r ‘cos3 6" <2r

&
r<e o= r<§

To find ¢ >0 such that |u(X, y)—0|<g

lu(x, y)—0| < 2r < £ when ever 0< \j(X—O)2 +(y-0)? <&
Exampe: Show that the function

Xy
X2 +y?

u(x,y) =

Does not have a limit as (x,y) approaches (0,0).

Solution:
For y=-x
2
) X . —X
lim 5 y > =lim——
(x,y)—=(0,0) X +Yy x=0 ¥ +y
. _XZ ) _ 2
=lim > 2:Ilm >
x>0 X +(—X) x—0 2X
-1 1



Topic 29
EReaI Limits of Multivariable functions

Properties of real limits of functions of two variables
Theorem: If lim )F(x. y)=A

(x.y)=(x0.¥0

and

lim  G(x,y) =B
(s Booe) § )

then

1 cF(x,y) = cA, where c is a real constant

F(x,y)xG(x,y) =A%B
F(x,y).G(x,y) =A.B

li
(«\")’)"?l’o-)'o)
4 li

(xy )"?;.‘o.)’o)
K 4 li

(%)= ovo)
4 F(x,y) A

ll =—’B 0
(x.y)-?;o.yo)(?(x.y) B »

Example:

Calculate the limit

lim 3xy?-—
wymtg Y 7Y
Solution:
lim 3xy’-—
(x.y)—(1.2) y -y
= lim 3xy*’— lim
(x,y)~>(1,2) y (x,y)»(l,z)y

=( lim 3x)( lim yz)—( lim y)
(x,y)>(1,2) (x,y)—>(1,2) (x,y)—>(1,2)

=3()(2)°-2=12-2=10



Example: Compute the limit

limz*+z+1

Z—1

Solution:

f(2)=2"+z+1

f (x+iy) = (x+iy)* +(x+iy) +1
=(x* —y?) = 2ixy + (x+iy) +1
=(X* =y +x+1) —i(-2xy +Y)

lim x*—y+x+1=-1+1=0
(xy)—(0.)

lim —2xy+y=1

()0
= limf(z)=i

i

Properties of Complex Limits

Theorem: suppose that
lim f(z) = A
Z=Zo

and
lim g(z) =
Z=Zo
then
A lanllo ¢ f(z) =cA ,cacomplex constant,

Jim (f(z) +g(z))=A1B.
3. .le (f(2).9(2)) = A.B

4. lim f(2) % provided B # 0.

z=20 9(2)



Example:

Compute the limit

limz°+z+1

:(Ilzim z)(lzig? Z)*‘('jﬂ? Z)+(I2ig?1)
= (i)(i) +i+1
=-1+i+1l=i

Topic 34

The mean value theorem for complex numbers does not hold.

r

~ Derivatives of Real Functions

The derivative of f at x,,, written f'(x,), is
ey — u f (%)= f(Xo)
f'(xp) = lim

X=X X - xo

provided the limit exists.

OR
f(xo + Ax) = f(xo)

f'(xo) = Al:ero Ax

Bh
ild

Derivatives
Example: If f(z) = z2 then show that f'(2) = 2z.
Solution; .
ﬁz): LM w
Az Az

Az Az
o Lin Z +2202+1121g
b2—»0 At

i A% +b2) s (2%,12)5,{%
DE—70 v Az



E' Derivatives

Example: show that the function f(z) =Re(z) is
differentiable nowhere,

Solution: First we approach z, = Xo + iy, along a line
parallel to x —axis. In this case z = x + iy, .
z) - f(z
Fr(ze) = lim LB =S @)

Z=2g Az

. Re(x + iy) — Re(xg + iy,)
= lim - .
(x+iyg)=(xo+iye) (x + iyg) = (X0 + iyp)

: X = Xo
. m
(x+iyo)=(xo+iyo) X = X
=1
r - - L |
., Derivatives C

Solution (cont.): Next we approach z, along the line

parallel to y —axis by forcing z to be of the form z = x, + iy.
e s — wo £ (2) = f(20)

f'(zp) = lim

z=2 Az

_ - Re(xg + iy) — Re(xq + iyo)
(xo+iy)=(xo+iyo)  (Xo + iy) — (xo + iyy)

xn ™ X
— im _,1__‘&
(x+iyg)=(xo+iye) i(Y = ¥o)

=0

Hence the function f(z)=Re(z) is differentiable nowhere.



5 Derivatives !?

Example: Consider the real-valued function f(z) = |z|%.
Find points where f(z) is differentiable.

Solution: ff 2.1+, $(2)- f(2+7f) < (gl = £1f
d e 42 fodltled ferchm

sl #2)- |2 =22

. -

5 Derivatives =

Example: Consider the real-valued function f(z) = |z|?. 27

Find points where f(2) is differentiable.

Solution: we know that f'(2) = Jlim _f'(2+4:7>-f(2)

{(9)-ln (2402 eot2)-27
A& 70 Yz

slin  (2402)(F102)-2

A= —  nz B
L ;/zﬁzﬁé/.\zmzﬂf‘

b2 At




Path 1

s Derivatives

Example: Consider the real-valued function f(z) = |z|%.
Find points where f(2) is differentiable.

Solution: Path 1: z moves parallel to x-axis

[in z+b2+2 B2
bz =0 Az

- lin Tzt i‘:{
A2-0 %

& P bust aa

- Derivatives -

Example: Consider the real-valued function f(z) = |z|%.
Find points where f(2) is differentiable.

Solution: Path 2: z moves parallel to y-axis
Py -2 z;*"v'
(i - 1)

- (-4 ‘) —_— Z

—

=) Af-r_ «A2‘




5 Derivatives

Example: Consider the real-valued function f(z) = |z|2.
Find points where f(2) is differentiable.
Solution: path 2: z moves parallel to y-axis
Lim Z+ 02 t2 22,
pr—70 g
4" ’f“o 6% A/Z" c’Az'
2 i 2-02 +2 (LE

A% %

[l"” (—-’ —7) = é"‘ Z.
=Y L )

B Derivatives

Example: Consider the real-valued function f(z) = |z|2.
Find points where f(2) is differentiable.

Solution: ,,/,,2 P"“: poulled 4 2674

o 1e)-10), 4 3
¥

D20
d Mz_. /WM b //zm'/}
’7 lim f(ﬁpll)l' 2) . -t
z

d3-20
) 2"'2:« ’2-’2- 47 2'\:0



B Derivatives

Observations

Example: Consider the real-valued function f(z) = |z|?.
Find points where f(2) is differentiable.

0, f(2)- Fla4 7;) ,@L+ ﬁ.r 1(0)

- 71f 1 EF
V("J)”O ’ V-/ﬂ/7ﬂ

o 1o » @t K AtAf

B Differentiation Formulas

The proofs are very similar to differentiation formulas for
real-valued functions

where C is a constant,



©  Differentiation Formulas

d
—g" = 2"~

dz

where n is a positive integer.

d ls), =5

Example: (%

Az

15~
2152

152"
*.  Differentiation Formulas

d d
E[Cf(z)] = Caf(z)

Example:

I

4 (10?’) ;/oiz’ - 10(32’)
o7 37

d_(104(2) —sd_(#2)
ﬁ( ) <hd_(



The Sum Rule

5 Differentiation Formulas

d d d
E[f(z) +9(2)] = Ef(z) + EQ(Z)

xamle:i Zt=£( +il
N dz(H) dz(z) z/?z

=0 +2(2)
)%

1 d
(f,+....:f,,f £+---+ fn
WVILI ﬁ ) d; ﬁ

The product Rule

Differentiation Formulas

d d d
S (292 =££E)Ez-9(2) ; gf_z)af(z)

(B e e

OR
d
U (@g@)] = f@) g'@) +9(2) ')

d9t)40), degy. o]
A ) L f0=10)



**  Differentiation Formulas
L (f29@) = ) g @) + 9@ F @)

Proof: Letw = f(2)g(2)
w(z + Az) — w(2)
Az

/
Zo) = lim
w'( o) e
Now

w(z+A4z)=f(z+A2)9(z + Az)

w(z +Az) —=w(z) = f(z + 82)g(z + Bz) — f(2) g(2)

B Differentiation Formulas =

w(z+A4Az)=f(z+A82)9(z + Az)
w(z+A48z) -w(z) =f(z+282)9(z+ Az) - f(2) g(2)

Adding and subtracting f(z)g(z + Az), we get

w(z+A4Az) —w(z) = [f(z +A2)g(z+ Az) - f(2)g(z + ﬂ
+f(2)9(z + 8z) = (2) §(z)

w(z+Az) —w(z) =lg(z + Az) [f(z + Az) - f(zﬂ
2)g(z + Az) — g(2)]

~




. Differentiation Formulas =

w(z+Az) —w(z) = g(z+482) [f(z+ Az) - f(2)]
+f(2)[g(z + Az) = g(2)]

Dividing by Az
w(z + Az) — w(z) = g(z+Az2) |f(z+ Az) - f(2)]

Az
+f (2)[g(z+ Az) = g(2)]
Az

Taking limit Az = 0
w(z + Az) - w(2)
lim =
Az—-0 Az

lim g(z + 42) [f(z + Az) - f(2)]

Az
l9(z + Az) — g(2)]
Az

*fim )

E Differentiation Formulas 'a

+47) - —
AILTO W(z Az: W(Z) - Alimo g(.z[ +_ (—AZ) A\[f)\(: (‘27)?] f(Z)]
9(z+A4z) - g(z
im0 0

2lim  3G+p2) Lin f(2400) -1

82— w22

t [l"' f{?) /f’m d(??ﬂl)’a(f)
L™

Hence proved the following

w'(z) = g(2)f'(z) + f(2)g'(2)



£ Differentiation Formulas

Example: Given f(2) = ap + a1z + azz% + ++ + az"
then find

d
@f(z)
Solution: 20
%(M@,lr - -1’4.2") = a.+£{4,z+'~ fia,zv
¢ vl
d .2
=a‘ d qtdzt +0n 2
5}/21’ d; 1 d; .
4
.+ Mp 2

2.
=0 420, 2+ Hs2 +

©  Differentiation Formulas

Chain Rule

Chain rule is useful when we want to differentiate
composition of two functions.

Given two functions f(z) and g(z) composition of f and g is
given by

fog(z)=f(g(2) -



Differentiation Formulas

Chain Rule

d
@)= (o9 @ =1"(92) g'(

Derivative of
outside function

Using Chain Rule

- Differentiation Formulas

Example: Given f(z) = z* + i22% + 4 then find

d .

hD)-2, hE)=3 2 3
(2) = ho f(2)- h(E@)-(62)

d(;(z)f =3 W)Lf? ?)
de = a(p) (32 2ieR1)

Solution:

L




B The Cauchy-Riemann Equations

Recall

Theorem: suppose that

f(z) = f(x +iy) = u(x,y) + iv(x, y)
If f(z) differentiable at a point z, = x;, + iy, then u and v
satisfy Cauchy-Riemann equations

Uy (xg, ¥o) = Vy(xo')’o) and uy(xo-}’o) = =0y (X0, ¥o)

F The Cauchy-Riemann Equations

Example: We know f(z) = z* is differentiable and
f'(z) = 2z. Check whether Cauchy-Riemann equations are

satisfied by f(2) . | " b oo
Solution:fy Fe1r1f f(2)- T= (arig) « (f +1(23))

b weng =24’ V=244 v
Check C’M#ﬁmm «”11146"4 Uy = Vi /éﬁ— A

by = 42, Uy= =84, Vy =29 ¥y = I
:'L-i LJ/\\_/;' M/L\,\/
ui‘;i -:;-l?l/ l(asfo?-;»l/ll/

Hence Cauchy Riemann Equations are satisfied.



?The Cauchy-Riemann Equations

Example: we Show that f(z) = 7 is nowhere
differentiable.

Solution: } 2147, f(2)-fu})- (241 = 141(7)
=7 ”(7;’)‘1' V(z.,,/j-
Chul (’u(éyz fiemann q‘/ym @1 (9: Ay
al"!) U =0, lizo, %a’l
a,;/,viaxt.// b=l am/@/@ | =-]
s’;&ucé}—ﬂ&mm Y MMW/@/

C-R equations are not satisfied.

£ The Cauchy-Riemann Equations 3

Solution: we can rewrite f(z) in the following form

(@? _ x*=31y7 .y°=3xly
f(Z)=Lz T x4 ‘ x% 4 y2 Whens 1
0

u(,,’) when z = 0
Step}: l((‘.hecklng CR equations
1) ,J y‘-) VJ’ L
lle(00) = ltm U(a) - Ulo0) : )
(10)-»(0,0) ' 1-0 : v
;lm —17/”/[(10 1541(11{—, 7@; ; ’
270 ",l/-/ 1-70 1, v . :
w,:l. Fimélorly Uy (00, l19=0.Yy1 :




Uy is equal to vy so it satisfied the equation.

Ev The Cauchy-Riemann Equations ~]

Solution: we can rewrite f(z) in the following form
(B)* x°=3xy° .y
f@) =177 =~ x2+y? ' xZty
0 whenz =0

Stepl: checking CR equations

allo,o)ﬁ s ”J(M}’ 0, Vg[M):Q VJ(%)” ”l’ VJ, tﬁ»‘ 'Vi '

whenz # 0

Hence Cauchy-Riemann
equations are satisfied

be(Z) ‘ MEmmus s

VU]

Ev The Cauchy-Riemann Equations <

Solution: we can rewrite f (7) in the following form

@ v -3 -39 "
f@) =17 = x2+@f Hag NUREED
0 whenz =0
Path1: Along x-axis. r= A+170

Lo $(2412) - {00) | (1) -

(1) (0.0) «0

= L”' [{m .j [m 1= 1

(%2)(0) 7‘ (103 (00) Y (o)

The function is not differentiable at the origin.



£ The Cauchy-Riemann Equations

Cauchy-Riemann Conditions for differentiability

Theorem: Let f(2) = f(x + iy) = u(x,y) + iv(x,y)
Lo\ VN )
be defined in some neighborhood of the point z, = x, + iy,
and suppose that
1. Ifall the partial derivatives uy, vy, u, and v, exist
everywhere in the neighbourhood.
2. those partial derivatives are continuous at (x;, vy) and
satisfy Cauchy-Riemann equations
Uy = Vy, Uy = —Vy
Then f is differentiable at z,, and the derivative f'(z,) can be
computed with either of the following equations /

f'(zp) = uy(x0,¥0) + ive (X0, ¥0),

and also

A48 f'(29) = vy(x0,¥0) = iuy(x(,.y(,).‘/

F CR Equations in Polar Coordinates |

Cauchy-Riemann equations
ux = Vy, uy = _vx
Let us write

ux: uyl vxl vy
in terms of
ur, ue, vr, veo



FFCR Equations in Polar Coordinates ™
Chain Rule

Suppose that u(x, y) is a differentiable function of x and y,
where x = x(r,0) and y = y(r, #) are differentiable functions
of r and #. Then

du du dx auay

ar _ ox or | dyor
and
du du dox du ay

30~ ax 20 T 9y 00

F CR Equations in Polar Coordinate.-!:'

Given u(x,y) and v(x, y) be two component functions of
complex valued function

f(x +iy) = u(x,y) + iv(x,y)

du du/d +au
ar  ox dy ]

where x = rcosf,y =rsiné

= ()0, J §int
uﬁ,alwmw

Then




[ CR Equations in Polar Coordinates %
sowehave U - ([, 4,50*1?5’,-”3 : V,t,l/llﬁhl/lﬁn&
,“o = -y h§ing + Ua hiph ' V& "’VuhMW,ﬁW
Uy = - b ki +ly A pf . - e St -1y 80)
<At b 4V 99
=

ﬂ[llgf/l'//t, AUy :VHM ﬂl«,l/)[{,:‘%
- iy

I CR Equations in Polar Coordinates %

Theorem: Let the function
f(z) =u(,08)+iv(r,0)
be defined throughout some neighbourhood of a non-zero point
Zo = 1y €'% and suppose that
1. the first order partial derivates of the functions u and v with
respect to r and @ exist everywhere in the neighbourhood
2. those partial derivatives are continuous at (r,, #,) and
satisfy polar form of Cauchy-Riemann equations
ru, = vy, Ug = =TIV, .
Then f'(z,) exists and its value is /
f'(29) = e~ (u, + iv,)
where the right side is to be evaluated at (ry, 6,)




F CR Equations in Polar Coordinates

Example: Show that if f is the principal cube root function

given by

1 1 0 1 0
f(re®)=f(z)=23= ricosz+irising,
where the domain is restricted to be

{re®:r >0and —n < 6 < n}

then the derivative is given by
f'(z) = = =31:73 cos® +12r75 sind
T g T g - 3

for every point in the domain.

ECR Equations in Polar Coordinateﬂ

Solution:

0 19
f(re!®) = r3 cosz +ir3sing,

be defined throughout some neighbourhood of a non-zero
point zy = 1, ‘% and suppose that




FCR Equations in Polar Coordinates

Solution:

10 16
f(re'®) = r3 cosz +irising,
the first order partial derivates of the functions u and v
with respect to r and @ exist everywhere in the

neighbourhood ” V
U(A0) - ,Ue,,ﬁ‘ - )=

ECR Equations in Polar Coordinateﬂ

Solution:

19 1 0
f(re'?) =r3 cosz +irdsinz,

those partial derivatives are continuous at (ry, #,) and
satisfy polar form of Cauchy-Riemann equations

E!: = v!!l}/ Ug = =rvy
K -
- é?%% {508 i) 0l
. 7
3ﬁ Q’ ‘3‘/‘34’5%

S;s&% Up = -h Ve 8 /5&/"»/

First C-R equation is satisfied



I CR Equations in Polar Coordinates

Solution:

1 0 1 0
f(re'?) = ¥ cosz +irsinz,

Then f'(z,) exists and its value is /
f'(20) = e~ (u, + iv,)
6o)

where the right side is to be evaluated at (o, 6)
epl .l B
/ QZ' =5 1 fvg
7| K e’
- (30’03 idn'5d)

' -~

l(,t?g/i

I CR Equations in Polar Coordinates:

Solution:

19 1 @
f(re?) =r3 cosz +irIsinz,

- = .
f'(z) =e“9[§r acosg +i%r ssinz]

=e 0=r ée":'] |
2 2 2 150
, =3reTs 2% 2 /l%f y
4(1) =j ,



!r The Cauchy-Riemann Equations

Cauchy-Riemann Conditions for differentiability

Theorem: Let f(2) = f(x + iy) = u(x,y) + iv(x,y)
be defined in some neighborhood of the point z, = x, + (Y,
and suppose that
1. If all the partial derivatives u,, vy, u, and v, exist
everywhere in the neighbourhood.
2. those partial derivatives are continuous at (x,, v,) and
satisfy Cauchy-Riemann equations
Uy = Vy, Uy = =y
Then f is differentiable at z,, and the derivative f'(z,) can be
computed with either of the following equations

f'(2p) = uy(xp,y0) + il’x(xoo}’u).l/

and also

A48 f'(29) = vy(xg,¥0) = l'uy(xu'}'o)c/

Exmaples are




?The Cauchy-Riemann Equationsg

Example: show that the function
f(z) =eYcosx+ie™Vsinx
is differentiable for all z and find its derivative.
Solution: Let (x,, y,) be an arbitrary point.
defined in some neighborhood of the point z, = x, + iy,

(141]) = U 4110,
2 W) - gy, V.- € it

o U ) 0 dfd ol ()
EThe Cauchy-Riemann Equationsﬂ

Example: show that the function
f(z)=eYcosx+ie Vsinx
is differentiable for all z and find its derivative.
Solution:
If all the partial derivatives u,, vy, u, and v, exist
/CTYyWhneic i t ;

YO P P
Uylig) ot Pt | Valnp) o 60 ipa

a‘r’(z,y) & () - - Gin




F ' The Cauchy-Riemann Equations

Example: show that the function

f(z)=eYcosx+iesinx
is differentiable for all z and find its derivative,
Solution:

those partial derivatives are continuous at (x,, yy) and
satisfy Cauchy-Riemann equations

l(, > «629,17( ‘Ual/ IIJ

Ev The Cauchy-Riemann Equations

Example: show that the function

f(z)=eYcosx+ie Ysinx
is differentiable for all z and find its derivative.
Solution:

Then f is differentiable at z,, and the derivative f'(z,) can
be computed with either of the following equations

f'(20) = ux(Xo, o) + ivx(xo, Yo)ov/~

— '(fa) = (xo»}'o) = iuy(xoy0)/ an
Wy o - g;,m Vie € 45(

f(tr ) =-€ ;"‘”’a 1'7(374’1’)

and also




