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Question No.1: Verify that  

a): 
( ) ( )2 1 2 2i i i− − − = −

  

proof: 

  

( ) ( )

( )

2

. . 2 1 2

          = 2 2
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b):  

  

( )( )

( )( )

( ) ( )
2

. . 2, 3 2,1
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L H S
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= − −

= − − +

= − + − − +
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= + −
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c):  

  

( ) ( )

( ) ( )

( ) ( )( )

( )
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2

1 1
. . 3,1 3, 1 ,
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          10
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          2

        

L H S
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i i i i

i i i i

i

i

i

 
= −  

 

 
= + − + 

 

 
= − + − + 

 

 
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Question No.2:  

a): Show that Re(iz)=-ImgZ; 

Proof:  

  

( )( )

( )2

. .  Re( )

           Re

           Re

           Re( )

           

           Im( ) . .

L H S iz

i x iy

ix i y

ix y

y

z R H S

=

= +

= +

= −

= −

= − =
 



b): Show that Img(iz)=Re z; 

Proof: 

  

( )( )

( )2

. .  Im( )

           Im

           Im

           Im( )

           Re( ) . .

L H S iz

i x iy

ix i y

ix y

z R H S

=

= +

= +

= −

= =

 

Question No.3: Show that 
2 2(1 ) 1 2z z z+ = + +

  

Ans:  

 

 

Question No.4:  verify that each of the two numbers 1z i=   satisfies the equation 
2 2 2 0z z− + =   

Proof:  

a): when 1z i= + then  

  

2

2

2 2

. . 2 2

         (1 ) 2(1 ) 2

         (1) ( ) 2(1)( ) 2 2 2

         1 ( 1) 2 2 2 2

         0 . .

L H S z z

i i

i i i

i i

R H S

= − +

= + − + +

= + + − − +

= + − + − − +

= =  

  

b): when 1z i= − then  

  

2

2

2 2

. . 2 2

         (1 ) 2(1 ) 2

         (1) ( ) 2(1)( ) 2 2 2

         1 ( 1) 2 2 2 2

         0 . .

L H S z z

i i

i i i

i i

R H S
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= − − − +

= + − − + +

= + − − − + +

= =

 

 



Question No.5: Prove that multiplication of complex numbers is commutative. 

Proof:  

Let 1 2  and z z be two complex numbers  such that  1 1 1 2 2 2     z x iy and z x iy= + = +  where 

1 2 1 2, , ,x x y y    

  

( )( )

( )( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( )

1 2 1 1 2 2

1 2 2 1 2 2

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

      

      

      ( )( )

z z x iy x iy

x x iy iy x iy

x x x iy iy x iy iy

x x i x y i y x i i y y

= + +

= + + +

= + + +

= + + +

  

  
( )( ) ( )( ) ( )( ) ( )( )2 1 2 1 2 1 2 1      ( )( )x x i y x i x y i i y y= + + +  

As real numbers are commutative  

  

( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( )

( ) ( )

2 1 2 1 2 1 2 1

2 1 1 2 1 1

2 2 1 1

2 1

      ( )( )

      

      .

      

x x i x y i y x i i y y

x x iy iy x iy

x iy x iy

z z

= + + +

= + + +

= + +

=

 

Hence complex numbers are commutative. 

Question No.6: Verify the associative law for addition of complex numbers 

Proof: 

Let 1 2 3, z  and z z be three complex numbers  such that  

 1 1 1 2 2 2 3 3 3 ,       z x iy z x iy and z x iy= + = + = +  where 1 2 3 1 2 3, , , , ,x x x y y y    

  

( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( )( ) ( )

1 2 3 1 1 2 2 3 3

1 2 1 2 3 3

2 1 2 1 3 3

                   

                   

z z z x iy x iy x iy

x x i y y x iy

x x i y y x iy

+ + = + + + + +

= + + + + +

= + + + + +

 

As real numbers are commutative  

 



   

( ) ( )

( ) ( )( )

( ) ( )( )

( ) ( )

( ) ( )

( )

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

1 1 2 3 2 3

1 2 3

x x x i y y iy

x x x i y y y

x x x i y y y

x x x iy i y y

x iy x x i y y

z z z

= + + + + +

= + + + + +

= + + + + +

= + + + + +

= + + + + +

= + +

 

Question No.7: 

Ans:  

Question No.8:  

a): Write ( , ) ( , ) ( , )x y u v x y+ =  and point out how it follows that the complex number 

0=(0,0) is unique as an additive identity. 

Ans:  

   

( , ) ( , ) ( , )

( ) ( ) ( )

( ) ( ) ( )

x y u v x y

x iy u iv x iy

x u i y v x iy

+ =

+ + + = +

+ + + = +

  

Comparing the real and imaginary numbers on both sides, 

       x u x and y v y+ = + =  

    

    

    

0          0

x u x and y v y

u x x and v y y

u and v

+ = + =

= − = −

= =

 

Hence    ( , ) (0,0) 0u v = =   

Suppose there is another additive ( )c id+   identity then 

   

( , ) ( , ) ( , )

( ) ( ) ( )

( ) ( ) ( )

x y c d x y

x iy c i x iy

x c i y d x iy

+ =

+ + + = +

+ + + = +

 

    

    

    

0          0

x c x and y d y

c x x and d y y

c and d

+ = + =

= − = −

= =

 



Hence  ( , ) (0,0) 0 ( , )c d u v= = =  proved that additive identity is a unique number. 

Question No.9:    use -1=(-1,0) and z=(x,y) to show that (-1)z=-z 

Ans:  

 Given that 1 ( 1,0) 1 0i− = − = − +   and  ( , )z x y x iy= = +   

  

. . ( 1)

          (-1,0)( , )

          (-1 0)( )

          (-1)( ) 0( )

          - - 0 0

          -( )

          - . .

L H S z

x y

i x iy

x iy i x iy

x iy i

x iy

z R H S

= −

=

= + +

= + + +

= + −

= +

= =

  

Question No.10: use (0,1)  ( ,0)i and y y= =  to verify that –(iy)=(-i)y. Thus show that additive 

inverse of a complex number z=x+iy can be written –z=-x-iy without ambiguity. 

Proof:  

  (0,1)  ( ,0)i and y y= =  

  

( )

( )

( )

( )

( )

. . ( )

          - (0,1)( ,0)

          - (0 )( 0)

          - (0)( 0) ( )( 0)

          - 0 0 - 0

          - (0 - 0) ( )( 0)

          (- ) . .

L H S iy

y

i y i

y i i y i

i iy

i y

i y R H S

= −

=

= + +

= + + +

= + +

= + +

= =

  

Additive inverse gives the zero number in complex numbers 

If z x iy= +  then let w u iv= +  be the additive inverse of the z , so 

   

0 0

( ) ( ) 0 0

( ) ( ) 0 0

z w i

x iy u iv i

x u i y v i

+ = +

+ + + = +

+ + + = +

  

Comparing real and imaginary parts 



   
0     0

        -

x u and y v

u x and v y

+ = + =

= − =
 

As 

   
    - -

    -( )

    -

w u iv

x iy

x iy

z

= +

=

= +

=

  

Hence additive inverse of a complex number z=x+iy can be written –z=-x-iy 

Question No.11:solve the equation 
2 1 0   ( , ) z z for z x y+ + = =  by writing  

 ( , )( , ) ( , ) (1,0) (0,0)x y x y x y+ + =   

Ans:  

  

2

2 2

2 2

2 2

1 ( , )( , ) ( , ) (1,0)

             ( , ) ( , ) (1,0)

             ( , ) ( , ) (1,0)

             ( 1, 0)

z z x y x y x y

x y yx xy x y

x y yx xy x y

x y x yx xy y

+ + = + +

= − + + +

= − + + +

= − + + + + +

 

Given 
2 1 0z z+ + =  

Comparing real and imaginary parts 

  
2 2( 1, 0) (0,0)x y x yx xy y− + + + + + =  

The real part is  
2 2 1 0x y x− + + =  …..……..1  and  

The imaginary part is  0 0yx xy y+ + + =  ……….…2 

Solving equation no. 2 

   

2 0

(2 1) 0

0      2 1 0

1
                          

2

xy y

y x

y or x

x

+ =

+ =

= + =

−
=

 

When y=0 then this equation does not satisfied. 



Put this value of x in equation 1 

   

2

2

2

2

2

2

1 1
1 0

2 2

1 1
1 0

4 2

1 2 4
0

4

3
0

4

3

4

3

4

y

y

y

y

y

y

− −   
− + + =   

   

− − + =

− +
− =

− =

=

= 

 

Hence 
1

2
x

−
= and 

3

4
y =   

  

1 3
( , ) ,

2 4
z x y

 
= = −   

 

  

When y=0 then this equation does not satisfied. 

 



Section No. 3 

Solved Exercise  

1. Reduce each of these quantities to a real number. 

   

( )

( )

2

2 2 2

21 2 2 1 2 3 4
.

3 4 5 3 4 3 4 (5 )

3 4 6 8 2

(3) (4 ) 5

5 10 2 ( 1)

9 16( 1) 5( 1)

5 10 1 2

25 5

5 10 5(1 2 )

25

5 10 5 10 10 2

25 25 5

i ii i i i

i i i i i i

i i i i

i i

i i

i i

i i

i i

−+ − + +   
+ = +   

− − +   

+ + − −
= +

−

− + − −
= +

− − −

− + +
= −

− + − +
=

− + − − −
= = = −

  

b):  

   

( )( )

( ) ( )

( ) ( )

2 2 2 2

2

2

5 5 (1 )(2 )

(1 )(2 )(3 ) (1) ( ) (2) ( ) (3 )

5 (2 2 )

1 ( 1) 4 ( 1) (3 )

5 (2 3 1)

1 1 4 1 (3 )

5 (1 3 )

10(3 )

3

2(3 )

3

2(3 )

(3 ) 1

2(3 ) 2

i i i i

i i i i i i

i i i i

i

i i

i

i i

i

i i

i

i

i

i

i

+ +
=

− − − − − −

+ + +
=

− − − − −

+ −
=

+ + −

+
=

−

+
=

−

−
=

−

− −
= = −

−

  

 

 



c): 4(1 )i− =? 

   

2 2 2

4 2 2

2

(1 ) (1) ( ) 2(1)( )

          1-1- 2 2

(1 ) (1 ) (1 )

          (2 )(2 )

         4 4( 1) 4

i i i

i i

i i i

i i

i

− = + −

= =

− = − −

=

= = − = −

  

2. Show that  

  

1

1

1 1

1 1 1
. .         

1

1 1.
          = .

.

          = . .
1

L H S z
z z

z

z z

z z z z

z
z R H S

−

−

− −

= = =

=

= =

  

3. use the associative and commutative laws for multiplication to show that  

  

1 2 3 4

2 1 3 4 1 2 2 1

2 1 3 4 1 3 4 1 3 4

1 3 2 4 2 1 3 1 3 2

. . ( )( )

( )( )          ( ) ( )     

( )( )( )    

 

 

   ( )( ) ( )  ( )   

( )( )( )      ( )( ) ( )( )      

commutative law

associative law

commutative la

L H S z z z z

z z z z z z z z

z z z z z z z z z z

z z z z z z z z z z

=

= =

= =

= =

1 3 2 4 2 4 2 4( )( )          ( )( ) ( )

. .   

w

z z z z z z z z

R H S

= =

=

  

5. Drive expression  

 1 1 2 1 2 1 2 1 2
22 2 2 2

2 2 2 2 2

   (z 0)
z x x y y y x x y

i
z x y x y

− −
= + 

+ +
  

Let 1 1 1 2 2 2   and  z x iy z x iy= + = +  where 2(z 0)  



  

( )( )

( ) ( )

( )

( ) ( )

1

2

1 1 2 2

2 2 2 2

2

1 2 1 2 1 2 1 2

2 2 2 2

1 2 1 2 1 2 1 2

2 2

2 2

1 2 1 2 1 2 1 2

2 2

2 2

1 2 1 2 1 2 1 2

2 2

2 2

1 2 1 2 1 2 1 2

2 2 2

2 2 2

. .

.

( 1) ( )

( )

1

z
L H S

z

x iy x iy

x iy x iy

x x i y y iy x ix y

x iy x iy

x x y y i y x x y

x iy

x x y y i y x x y

x y

x x y y i y x x y

x y

x x y y y x x y
i

x y x y

=

+ −
=

+ −

+ + −
=

+ −

+ − + −
=

−

− + −
=

− −

− + −
=

+

− −
= +

+ + 2

2

. .R H S=

 

6. Drive the identity 

   1 2 1 2

3 4 3 4

z z z z

z z z z

  
=  

  
  

  

( ) ( ) ( )

( )( )( )( ) ( )( ) ( )( )

( )( )( )( )

( )( ) ( )

1 2

3 4

1
1 2 1

3 4 2 2

1 1 1 1

1 3 2 4 3 2 2 3

1 1

1 2 3 4

1 1

1 2 3 4

. .

1 1 1
          =      

          =         commutative law

          =

          =

       

z z
L H S

z z

z
z z z

z z z z

z z z z z z z z

z z z z

z z z z

− − − −

− −

− −

  
=   

  

       
=       

      

=

( )( ) ( )

( )( )

1 1

1 2 3 4

1

1 2 3 4

1 2

3 4

   =

          =

          = . .

z z z z

z z z z

z z
R H S

z z

− −

−

=

  

 

 

 



7. Use the identity to drive the cancellation law, 

  1 1

2 2

z z z

z z z
=   

  

1

2

1
11

1

2

1

1

1

2

11

2

1

2

. . .

.         multiplying numerator and denomerator by z

           associative law

1
              1

1

. .

z z
L H S

z z

z z z

z z z

z zz

z zz

z
zz

z

z
R H S

z

−
−

−

−

−

−

=

=

=

= =

= =

  

Section 8 

Exponential form 

1. Find the principal argument Arg z when  

a): 
2 2

i
z

i
=
− −

  

Answer: 

Definition:  (principle value of arg of z):- 

 Let 0z  be a complex number. Then principle value of argument of z, denoted 

by Arg z is a unique value of  such that  

   ( )cos sinz r i    = + −    

Principle value of argument of z is also referred as “The argument of z”  

  arg z Arg z 2n 0, 1, 2, 3,n= + = + + + −−−−−   



   
( )

( )

( )

2

2 2

2 2

(1 )
.

2(1 ) (1 )

2 (1) ( )

( 1)

2 1 ( 1)

1

2 1 1

1 1 1

4 4 4

i
z

i

i i

i i

i i

i

i

i

i
i

=
− −

−
=
− + −

−
=
− −

− −
=
− − −

+
=
− +

+
= = − −
−

 

   

1 1 1

1 1

4 4

1 1
    ,    

4 4

1
4tan tan tan (1)

1 4
4

z x iy i

x y

y

x


 − − −

= + = − −

= − = −

 −   = = = = 
 − 
 

  

As x and y are negative so angle lies in the 3rd quadrant, so we add   to 
4


 . 

  
5

 z= +
4 4

Arg
 

 =   

this angle in anti-clockwise direction. 

For clockwise direction from positive axis the angle is 

  
5 3

 z 2
4 4

Arg
 

= − = −  

 See example z=-1-i on page 23 in handouts of MTH 632 written by Fiddling writer. 

 

 

 

  

  
  



Second method. 

  
2 2

i
z

i
=
− −

 

  ( ) - (-2- 2 )Arg z Arg i Arg i=   

For ( ) (0 )Arg i i= +  

If 0 0z and x = , then we use the following rule: 

    

Im 0
2

Im 0
2

Arg z If z

Arg z If z





= 

= − 

 

So, for ( ) (0 )Arg i i= + =
2


  

For ( )1 12
Arg(-2-2i)=tan tan 1

2 4

− −− 
= = 

− 
 

As x and y are negative so angle lies in the 3rd quadrant, so we add   to 
4


 . 

5
(-2 - 2 )

4 4
Arg i

 
= + =  

  

  ( ) - (-2 - 2 )

5
 

2 4

2 5 3
 

4 4

Arg z Arg i Arg i

Arg z

Arg z

 

  

=

= −

−
= = −

 

b): 
6( 3 )z i= −   

  

( )

2 2

2
23 ( 1) 3 1 2

r z x y= = +

= + − = + =
  

 1 1
=tan

63


 −  

= 
 

  



 To write in rectangular form. 

  6( 3 ) 2
i

ii re e


− = =   

  

6

6 6

6
6 6

( 3 ) 2

2 64

i

i
i

z i e

e e







 
 
 

 
= − =  

 

= =

  

   =   

Check.(For principal angle we subtract angle 
6


 from    and here we just find the angle so we 

do not subtract.) 

2. show that 1ie  =   

Solution: 

 
2 2

2 2

. . cos sin

(cos ) (sin )

cos sin 1

1 . .

iL H S e i

R H S

  

 

 

= = +

= +

= + =

= =

 

show that 
i ie e −=   

Solution: 

  

. . cos sin

cos sin cos ( )sin

. .

i

i

L H S e i

i i

e R H S





 

   
−

= = +

= − = + −

= =

 

 

 

 

 

 



4. show that 1 2ie  − =   

Solution: 

  

. . 1

cos sin 1       0 2

  

cos sin 1

1 0 1

2 2 . .

iL H S e

i

when

i

R H S



   

 

 

= −

= + −  

=

= + −

= − + −

= − = =

 

5. By writing the individual factors on the left in exponential form, performing the needed 

operations and changing back to rectangular coordinates, show that 

a): (1 3)( 3 ) 2(1 3 )i i i− + = +   

Solution: 

Exponential form are  

 

2

3

6

cos sin
2 2

(1 3 ) 2cos 2 sin 2
3 3

( 3 ) 2cos 2 sin 2
6 6

i

i

i

i e i i

i i e

i i e







 

 

 

−

= = + =

− = − =

+ = + =

 

  

3 62

2 3 6

3 2

6

3

3

. . (1 3 )( 3 )

2 2

4

4

4

2(2 )

2(1 3 )

. .

i ii

i i i

i

i

i

L H S i i i

e e e

e

e

e

e

i

R H S

 

  

  





−

− +

− +

= − +

  
=   

  

=

=

=

=

= +

=

  



b):  
25 5

. .
2 3

i

i

i e
L H S

i e



= =
+

  

8. Prove:  1 2 1 2
1exp exp exp( )

2 2
i i i
   


+ −   

=   
   

  

Solution: 

 

1 2 1 2

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

1 2

. . exp exp
2 2

cos sin cos sin
2 2 2 2

cos cos sin sin
2 2 2 2

   +i sin
2

L H S i i

i i

   

       

       

 

+ −   
=    

   

 + +  − −        
= + +         

         

 + − + −        
= −        

        

+



( ) ( )
1

1 2 1 2 1 2

1 2 1 2 1 2 1 2

1 1

1

cos cos sin
2 2 2

cos sin
2 2 2 2

cos sin

exp( ) . .i

i

i

e i R H S

     

       

 



 − + −       
+       

       

+ − + −   
= + + +   

   

= +

= = =

 

b): 1 2 1 2. . exp exp
2 2

L H S i i
   + −   

=    
   

 

  

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

1 2 1 2 1 2

cos sin cos sin
2 2 2 2

cos sin cos sin
2 2 2 2

cos cos sin
2 2 2

i i

i i

       

       

     

 + +  − −        
= + +         

         

 + +  − −        
= + −         

         

+ − +     
= +    

     

( ) ( )
2

1 2

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

2 2

2

sin
2

   +i sin cos cos sin
2 2 2 2

cos sin
2 2 2 2

cos sin

exp( ) . .
i

i

i

e i R H S


 

       

       

 



 −  
   

  

 + − + −        
−        

        

+ − + −   
= − + −   

   

= +

= = =

 



10. use the de Moivre’s Formula to drive  

a): 3 2cos3 cos 3cos sin   = −   

Proof: 

   

 

3 2 3 2

3 3

3

. . cos 3cos sin cos 3cos (1 cos )

cos 3cos 3cos

4cos 3cos cos3 . .

L H S

R H S

     

  

  

= − = − −

= − +

= − = =

 

 

( )

( )2 2

2 2 3

3

2 23 2

( )( )( )

                     sin cos ( )

                    s

c i

 in sin sin cos cos sin

os s n cos isin cos isin cos isin

cos sin i cos i sin cos isin

cos icos sin cos i icos sin i

i      

       

           

  = + + +

= − + + +

= + − − +

+

− + 2

2 2 3

2 2 3

3

3

sin cos

                     3 3 sin sin

                     3 (3 sin sin )

cos sin cos icos i

cos sin cos i cos

 

     

     

−

= − + −

= − + −

 using de Moivre’s law 

 
3 2 2 3)c 3 (3 sin sos3 insin 3 cos cos si in i cos      = − ++ −  

Hence 

  
3 2cos3 si 3n3 cos cos sini    + = −  

And  

  
2 3ssin3 3 sin incos    = −  

 

 

 



Section 10 

Examples: 

1.  Find the square root of 2i, Topic 12 time 15 mint 

Answer: 

 We can write square root of 2i as ( )
1

22i   

 

2
2

2 2 cos sin 2exp 2        k=0,1
2 2 2

=2e         
i k

i i i k




  


 
+ 

 

    
= + = +    

       

Taking square root 

 ( )

1

21 2
2 422 = 2e = 2e        

i k i k

i

 
 

   
+ +   

   
 
 
 
 

 

 When k=0 

  4 42 2 2 cos sin 1                 
4 4

i k i

e e i i

 
  

   
+   

     
= = + = + 

 
 

When k=1 

  

5
(1)

4 4 5 5
2 2 2 cos sin 1 (1 )

4 4

i i

e e i i i

 
  

   
+   

     
= = + = − − = − + 

 
 

So the roots of 2i are (1 )i +  

1.  Find the square root of 1 3i−  , Topic 12 time 15 mint 

Solution: 

 
2

61 3 cos sin 2
6 6

i k

i i e


 

 
− + 
    

− = − + − =   
   

 

Taking square root 

 ( )

1

1 22
6 1221 3 2 2      k=0,1

i k i k

i e e

 
 

   
− + − +   
   

 
− = = 

 
 

 

 

 

 



When k=0  

 

( )
1

122

12

1 3 2

2 2 cos sin
12 12

3 3
2 cos sin 2

12 12 2 2

i k

i

i e

e i

i i
i





 

 

 
− + 
 

 
− 
 

− =

    
= = − + −    

    

   − −   
= − = − = −             

 

When k=1 

 

( )
1

(1)
122

11

12

1 3 2

11 11
2 2 cos sin

12 12

3 3
2

2 2

i

i

i e

e i

i i





 

 
− + 
 

 
 
 

− =

    
= = +    

    

 − −
= = +  

 

 

So the roots of 1 3i−  are 
3

2

i−
  

2. ( ) ( )
1 1 1 1

2 44 4 4 2( 16) ( 1 16) 2 2 2i i i− = −  =  = =   

We find the square root of i. 

Topic 25 examples: 

 



 

As 1 is not equal to -1 so, limit does not exist. 

 



Example: Show that 

 lim
o

o
z z

z z
→

=   

Solution: 

 Let   be any real non-negative number. 0  . 

 

           ( )

       

       

           

o

o

o

o

f z z

z z

z z

z z









− 

 − 

 − 

 − 

  

If  =   

  
          

      ( )

o

o

z z

f z z

 



−  =

 − 
 

 ( ) of z z −   whenever 
oz z s−   

Topic 26 

 



 

 

Example: if 
3

2 2

2
( , )

( )

x
u x y

x y
=

+
 then show that. 

 
( , ) (0,0)

lim ( , ) 0
x y

u x y
→

=   

Solution: 

 3 3
3

2 2 2 2

cos ,     y=rsin

2 cos
( cos ,  sin ) 2 cos

cos sin

x r

r
u r r r

r r

 


  

 

=

= =
+

  

 



In polar form: 

 3 3

( , ) 0

2 cos 2 cos 2

2       
2

u x y

r r r

r r

 




−

= 

  

 

To find 0   such that ( , ) 0u x y −    

  ( , ) 0 2u x y r −   when ever  2 20 ( 0) ( 0)x y  − + −    

Exampe: Show that the function  

 
2 2

( , )
xy

u x y
x y

=
+

  

Does not have a limit as (x,y) approaches (0,0). 

Solution: 

For y=-x 

  

2

2 2 2 2( , ) (0,0) 0

2 2

2 2 20 0

0

lim lim

lim lim
( ) 2

1 1
lim

2 2

x y x

x x

x

xy x

x y x y

x x

x x x

→ →

→ →

→

−
=

+ +

− −
= =

+ −

−
= = −

  

 

 

 

 

 

 



 Topic 29 

 

Example: 

 Calculate the limit  

 2

( , ) (1,2)
lim 3

x y
xy y

→
−   

Solution: 

  

( )( ) ( )

2

( , ) (1,2)

2

( , ) (1,2) ( , ) (1,2)

2

( , ) (1,2) ( , ) (1,2) ( , ) (1,2)

2

lim 3

lim 3 lim

lim 3 lim lim

3(1)(2) 2 12 2 10

x y

x y x y

x y x y x y

xy y

xy y

x y y

→

→ →

→ → →

−

= −

= −

= − = − =

  

 

 

 

 



Example: Compute the limit 

 2lim 1
z i

z z
→

+ +   

Solution: 

  

2

2

2 2

2 2

( ) 1

( ) ( ) ( ) 1

              ( ) 2 ( ) 1

              ( 1) ( 2 )

f z z z

f x iy x iy x iy

x y ixy x iy

x y x i xy y

= + +

+ = + + + +

= − − + + +

= − + + − − +

  

  

2

( , ) (0,1)

( , ) (0,1)

           lim 1 1 1 0

           lim 2 1

       lim ( )

x y

x y

z i

x y x

xy y

f z i

→

→

→

− + + = − + =

− + =

 =

 

 

 



Example: 

 Compute the limit 

 ( )( ) ( ) ( )

2lim 1

lim lim lim lim1

( )( ) 1

1 1

z i

z i z i z i z i

z z

z z z

i i i

i i

→

→ → → →

+ +

= + +

= + +

= − + + =

  

Topic 34 

The mean value theorem for complex numbers does not hold. 

 

 



 

 

Hence the function f(z)=Re(z) is differentiable nowhere. 



 

 

 

 

 

 



Path 1 

 

 

 

 



 

 

 



 

 

 



 

 

 

 

 

 

 

 



The Sum Rule 

 

The product Rule  

 

 



 

 

 



 

 

 

 



 

 

 

 

 



 

Using Chain Rule 

 



 

 

Hence Cauchy Riemann Equations are satisfied. 

 



 

C-R equations are not satisfied. 

 



Uy is equal to vy so it satisfied the equation. 

 

 

 

The function is not differentiable at the origin. 

 



 

 

 

 



 

 



 

 

 



 

  



 

 

First C-R equation is satisfied 



 

 

 



 

Exmaples are 



 

 

 



 

 


