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4- Find uniform continuity of 2x?
5- A theorem was from
Monotonic Function? 5 marks

6-evaluate lim->0 In sinx/In x??
7- and Recat twn wae fronm the

@ | > O



Removable discontinuity: Let f be defined on a deleted nelghborhood of xy

and discontinuous (perhaps even undefined) at xg. We say that f has a removable
discontinuity at xg if limy ., f(x) exists.
In this case, the function
[ ] fl:;r) if r e .Df and r 3'5 ro.
)=
Mgz, flz) if 2= 20,

1s continuous at Tg.
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5.6 Integration by Substitution

Theorem: Suppose that the transformation # = ¢(f) maps the interval ¢ <t < d
into the interval & < z < b, with ¢(c) = v and ¢3(d) = 3, and let f be continuous
on [a,b].

Let ¢’ beintegrable on [e, d]. Then

(7 )
/ f(z)dr = / Flo() (1) dt. (5.45)

Proof: Both integrals in (5.45) exist: the one on the left by the fact that if f
is contimious on [a,b], then f is integrable on [a,b], the one on the right by the
continuity of f(e(t)).

The function

F(z) = / ) dy

is an antiderivative of f on [a,b] and, therefore, also on the dosed interval with
endpoints o and [3.
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Hence, by fundamental theorem of calculus,
7
[ flx)de = F(8) — Fla). (5.46)
[a
By the chaimrule, the function
G(t) = F(o(t))
is an antiderivative of f(¢(t))¢'(t) on [e,d]. Therefore, we have
d
[ remsma = 6 -6 = Fo) - Fe@)
c
F(§) — F(a).

Comparing this with (5.46) yields (5.45).

Example: Evaluate the integral
12
I= f (1—222)(1 — 23~z
—1/v2

Solution: We let
flr)=(1-22(1-23)"Y2, —1/V2<2<1/V2,

and

r=¢()==sint, -—-w/4<t<7w/d
Then ¢/ (t) = cost and

5

1
(5.47)




4.7 Generalized Mean Value Theorem

Theorem: If f and g are continuous on the closed interval |a, b] and differentiable
on the open interval (a,b), then

[g(b) — g(a)] f'(c) = [f(b) — f(a)]g'(c)

for some ¢ in (a,b).
Proof: The function

hix) = lg(b) — gla)]f(x) = [f(b) = fla)]g(z)

is continuous on [a, b] and differentiable on (a, b).

Furthermore
h{a) = h{b) = g(b)f(a) — f(b)gla).

Therefore, Rolle’s theorem implies that A'(¢) = 0 for some cin (a, b).

Since  W'(c) = [g(b) — g(a)] f'(c) — [f(b) — f(a)]g(c).
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Example: Check the uniform continuity of the function

i) = 2%

Solution: For the function f(x), we have
Iflz) = flz)| =2z—2"|<e if |z—2|<e/2
The function f(x) is uniformly continuous on (—oc, oo},

Remark: A function [ is nef uniformly continuous on & if thereis an gy > () such
that if é is any positive number, there are points r and ' in § such that

|:1‘ = :I‘f| < )

but
|flz) — F(2')| = &0



Theorem: Suppose that [ is monotonic on (a,b) and define

o = Hégz:hf(;z.') and f= “?igbf(;r).

1. if f is nondecreasing, then lim, ,, f(r)= « and m,_,;,_ f(z) = .

2. If f is nonincreasing, then limg—q, f(zx) = 8 and limz—p_ f(z) = a. (Here

l
a+ = —ncifa = —nc and b— = oo if b= 0c.)

3.12. Limits Inferior and Superior 98

3. If @ < g < b, then 1'11111_,1“+ f(z) and limyz, f(z) exist and are finite:

moreover,

lim flz)< flzg) < lim fiz)

Ty T,

if f is nondecreasing, and

im f(z)> flzg) = lm fiz)

E—FEq_ I—}J’.{J_'_

if f is nonincreasing.

Proof: We first show that limz ., f(z) = oo
If M > q, thereisan xp in (@, b) such that f(xg) < M. Since f is nondecreasing,
f(x) < M if a <x < x9. Therefore, if o = —og, then lim,,,, f(x) = —oc.
Ifa>—oc lee M =a+ g, whereeg = 0.
Then o < fz) < a4+ ¢, s0

|flz) —a|<e i a<z<xg. (3.14)
If a = —no, this implies that f(—oc) = a. f a > —oco, let d = 25 — a. Then
(3.14) is equivalent to
|flz)—a|l<e f a<z<a+d,

which implies that f{a+) = a.

We now show that lim,_,,_ f(x) = 3.

If M < A, there is an xq in (a, b) such that f(xo) > M.

Since f is nondecreasing, f(x) > M if 2y < x < b. Therefore, if 7 = oc, then
lim,_,,_ flz) = oc.

If3< oo, let M =3—g,whereg > 0. Then 8 — ¢ < f(r) <4, s0

|[flz) =8l <e if xp<z<b (3.15)

If b = oo, this implies that f(oo) = 4. If b < oo, let § = b — xg.
Then (3.15) is equivalent to

[flz)—Bl<e if b—d<z<h,

which implies that f(b—) = 3.



