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Lecture 1-1
5 Introduction to Mechanics- Dynamics
Mechanics: The study of how rigid bodies react to forces acting on them. The study of bodies in
equilibrium is called statics. Newton’s first Law: Fr=0. The study of object in motion is called
Dynamics. It 1s dived into two branches
Kinematics concerned with the geometrical aspect of motion, s, v, a, & time.
Kinematics 1- how for you went (displacement) 2- How fast you went (speed) 3- How quickly
you speed up or down (acceleration).
Scalar Quantity: - A quantity that can be specified by its magnitude & has no direction. For
example time, distance & speed.
Vector Quantity: - A quantity that has both magnitude & direction for example displacement,

velocity & acceleration.
Kinetics concerned with how forces causing the motion. Kinetics Example includes Pressure,

Torque, Impulse, Movements & power.

i
Lecture 2-1
Kinematics
Position Vector: -The Position of particle can be specified by a vector r whose 1nitial point is at
the ongin of some fixed coordinate system & the terminal point is at the particle. This vector is
called Position Vector. If the particle is moving, the vector r changes with time, i.e. Position
Vector is a function of time. The curve traced by moving particle is called the trajectory or
g

path of particle.
<
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r=r(t)
Xty +z, = .x(r);+ y(t)j+ z(t)k

x=x(1),y=y(),z=z(1)
These are called parametric equation of path.

Velocity

Average rate of change of displacement =

Acceleration

- dV oV
Average rate of change of Velocity =a = 7 = Zr

Ins tan tan eous Vefﬂciry:]jma—vzdvz d(;}'): dldr| dr
a0 o dt dt de\ dt

- dr

In Cartesian Coordinate system if r=x.+ y.

. dr _dx. dy
Velocity = — = —i+—
Y T a ar?

2 3

Acceleration = d—fi + gy J

dt dr’

Example: -If a car goes from 0 to 100 km/hr in only 3 seconds then what is the acceleration.

velocity =100km/ hr = 1001000 =27.8m/s
3600

dV _ Change in .veh:'scuy _278 9 26m/ sec
dt Change in time

ad =

Lecture 2-2

Examples of velocity & Acceleration
Example 1: - A particle is moving in such a way that its position at any time t is specified by

r=(t’+1*)i+(cost +sin’t) j+ (¢’ +logt)k Find its velocity & Acceleration.
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r=@"+1*)i+(cost+sin’t)j+(e' +logt)k

d d
velocity = d_: = —((r3 +1%)i+ (cost +sin’ 1) j + (e’ +log1)k)
dr

dt
d ( dr dr d
a= 3’ +2u+ sin2t—=sint) j+(e' +-)k
dr(dr] dr dr(( i+ )+ )J

a= j = (6r+2):+(2c{:s2r cus:);+(e ——)k
!'

—= ((31" + 2:): +(—sint + 2sintcost) j+(e' + -)k)

Example 2: - If a particle P start from position O at time t=0. We have to find velocity &
acceleration if its position vector is given by r = at’i +4at j-

r=at’i+4atj

velocity = j: = %(arz} +4arj) = 2af;+4aj
I A -~
& (er 4 := a (2ari+4aj)=2ai
Cdit\dt) dr  dr

Lecture 2-3
Example 3: -If the position of particle moving along the ellipse is given by

r=acosti+bsint j a>b .Find the position of particle where velocity has maximum &
minimum magnitude.
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;=acusrﬁ+b5intj a>b
— dr d

velocity =V = y = y (ﬂcnsr}+bsinrj)=—asinr?+bcnsrj
f f

Magnitude of V =|V|= Xi+yj= sz +y2 =+a’sin’t+b?cos’t = .Jaz sin’¢+b*(1-sin’t)

V| =asin’t+b* b7 sin’ t = Jsin’ t(a’ —b7) +b’
V will max imum when sin’ t is maximum

As sin’t is maximum at -1to 1i.e 270 & 90 deg rees
r=acos90i+bsin90j=bj
r=acos270i+bsin270j=—-bj

whensin®t =0V is minimum

sint=01¢=0,180

.-n_-.ﬂ

r = acos0i +bsin0 j=ai

r = acos180i + bsin 180 5 j=—ai
so Velocity will max imum at +bj & minimum at *aj

Lecture 3-1

Radial & Transvers Component of Velocity
In polar coordinate, the position of a particle 1s specified by radius vector r & the polar angle 0
which are related to x & y through the relations x=rcos@ & y = rsin@ provided the two
coordinate frames have same origin & the x-axis and the initial line coincide. The direction of
radius vector is known as radial direction & that perpendicular to it in the direction of
increasing 0 1s called transverse direction.

Radial & Transverse Component of Velocity & Acceleration
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Let r & s be units vectors in radial & Transverse direction respectively
Polar Coordinate = r = cos i +sin@j........(i)
5= c0s(90+ 0)i +5in(90 + ) j = (cos90cos & —sin 90sin #) i + (sin 90cos & +cos 90sinH)

;=—sin Oi+cosfj........ (ii)
Differentiating (i) w.rt "t"

dr ek o o de _de, . . . -
r 8 (cusﬁHsmﬂ;]=—51n9:£+c059; e 6(—51n9:+m59;)=£3
dt dt dt dt dt dt
Differentiating (ii) w.rt "t"
as — a (—sinﬂf+cns€j) = —Cﬂsﬂfﬁ—sinﬂjﬁ = —ﬁ(cﬂsﬂHsin 0j)= —ﬁ;‘
dt dt dt dt dt dt
- g L e
r=—r=rr
r
- dr _d,~ dr~ dr _dr~ _df-
Now v = =—((rr)=—or+r—=—.ror+r—s
dr dt dt dr dt dt
Thus v, = Radial Component of Velocity = % =r
4
. de -
v, = Transverse Component of velocity =r — =ré
Where . denotes the differentiation w.r.t time "t".
Lecture 3-2

Example: - Find the radial & transverse components of velocity of a particle moving along
the curves ax’ + by’ =1 at any time t if polar angle 8 =ct’ .
ax’ + by’ =1 at any time t if polar angle 6 = ct’

de
Given that = ct’ Differntiating w.r.t t we get — = 2ct

Also Given that ax’ +by® =1 first we change this into polar form by

x=rcosf & y=rsinf = ar’cos’@ +br’sin’0=1= r’ (acnszé +bsin’ 9) =

1

r\](ucnslﬁ + bsin? 9) =]=Sr= (acuszﬂ + bsin? a‘s’i‘)_E

1
differentiate w.r.t "t" s = Z (HEDSIH+bSiﬂ2 9)-1
dr di
3
A —l(acnsla9+ bsin” 6‘) 2| —2acos@sin B£+ 2b sin f.‘:'r‘antnsﬁﬁ
dt 7. dt dt
2 3
o l(acnszﬂ +bsin’ 9) 2(a-b) 2cnsﬂsin9£ = l(«*:1:::«:1536+£:as.in1 9) 2 (a—b)sin 26(2ct)
df 2 df 2
5
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dr  ct(a-b)sind
dt 2 . 2 %
(acns € + bsin 9)-
t(a—b)sin@
Radial component of velocity= jr = L o 3
. (ucnszﬂ +bsin’ 9)5
. dé 2ct
Transverse component of velocity=r y = .
; (acnszﬂ+bsin3 9)_5
Lecture 4-1

Radial & Transversal Component of Acceleration
Let a be the acceleration Then

-~ dy d{d?— -~ do ] d[d? J d[ de J
a — Try+r—02>951|= ri +—| r——.:=m"»

dt dr\ dt dt di\ di | dt\ di

d’r ~ dr dr) ( dr dé - d(n dﬂ)
= =TI+ ¥ S ] S'o—
dt dt dt dt dt dt dt

(d*}-'n dr d;]+(dr dO% Sads’ do adzeﬁJ

!
|

g

—r+ S+r- + 8§ —
dt dt dt dat dt dt dt dt

~ Y

|

d’r ~ dr dr dr d@ ~ ds dé -~ d’0
+ s+

a = —r+ r+rs—s;
dt dt dt dt dt dt dt dt
d’r ~ dr d0 ~ dr d- [d&']zn - d0
=———r+ 5+ S—F|—— | r+rs—;
dt dt dt dt dt dt dt
- d’r - (dﬁ)*~ dr d0 ~ d0 ~ [ d*r [dﬂ]z - dr[dﬂ] d’o
a =—=r—-r|l— | r+2 S+r——5= —=—r| 9= | G +| 2 +r—
dt dt dt dt dt dt dt dr \ dt dt
a, = Radial component of acceleration = (:f;: —r(%] = r- r(é)2
o ;W __
a, = Transverse component of acceleration =2 a'r( as ]+r 4 ? =2r@-r(8)°
drt \ dt dr”
Lecture 4-2

Example: -A Particle P moves in a plane in such a way that at any time t, its distance from
3

O is r = ar + bt* & the line connecting O & P makes an angle 0 = ct*> with a fixed line OA.
Find the radial & transverse components of velocity & acceleration of particle at t=1.
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3
Givenr=at+bt* & 6=-ct?

L
Differentiating w.rt"t" L =a+2bt and £ = ECF
dt dt
Again Differentiating wrt"t" = i = 46 _ Ecr-%
. e dr’ d’* 4
at t=1 r=a+b&0O-=c lf:'i’r—.':'.'.+2.‘!:! and ﬂzif
dt d 2
AT L
dr’ d= 4
Radial component of velocity=v_= ? =a+2b
!
dé 3
Transverse component of velocity = v, = g —{‘( a+b)

Radial component of Acceleration=a, = % - r(jg) =2b-(a +b}(—c) =2b- %fl(a +b)
! [

2
Transverse component of Acceleration=a, =2 a'r(dﬂ] +r g ? =2(a+ Z‘b){E c)+(a+ b)(Er) = E1[:-{5.::.- +9b)
dr\ dt dt” 2 4 4

Lecture 4-3
Example: -Find the radial and transverse components of acceleration of a particle moving

along the circle x’ + y* = a’ with constant velocity c.
IE + yZ - aI
first we change this into polar form by putting x=rcos@ & y=rsiné

rrcos’@+r’sin"@=a’=>r’ (ur:amnsz~¢:‘5r'+.-_r.in2 9)=a1 = r=a

NowGiven that d— = O

dt
Differentiating w.r.t "t" d—: =0 and % =g
Again Differentiating w.rit "t" = ar = and d-? =0
dr’ dt”
dr
Radial component of velocity =v, = = =0
do
Transverse component of velocity =v, = rI = ac

, _ d’r de’ ; :
Radial component of Acceleration =a, = e r e =0—ac” =-—ac
4 !

Transverse component of Acceleration=a, =2 e [dﬂ] +r duf =0
dt \ dt dt




Lecture 5-1
Tangential & Normal Components of Velocity & Acceleration

Tangential and Normal Components of Velocity and Acceleration

)

g \
Let AB be a part of the trajectory of particle as shown in figure. Let the particle at time t be at

the point P whose position vector is r . After a small time 5t let the particle reach the point Q
whose position vector is r+6r. Then PQ = &rand arc PQ=5s . Now

dr _drds __dr, dr . : : .
= = v.— here— is a unit tan gential art point P.

dt ds dt ds ds

lett be a unit tan gent at point P and n unit vector along normal at the point P.

Y =

dr -~ - a
Then —=1—=—=v=vi+0n
ds

v, = tan gential Component of velocity =v, v, = Normal Component of velocity =0

Hence the velocity is along the tan gent to the path.

-~

Let a be the acceleration. Then a = dv — dv;+ v d: dy & =
dt 1 d dt dt dy ds dt di

Where % = K is called curvature & K =

dv, v:dt

t
dt p dy

sin ce t & n are unit vectors along tan gent & normal at P Therefore

i =

t = coswi+siny j &::cns(ﬂﬂ+w)i+sin(9ﬂ+w)j=cnswi-5inwj
dr - (cosyi+siny j)=—sinyi+cosy i=n
e J J

-~ dv~ v —

Soa=—I+—n
dr Yo,

X d
Tan gential Component of acceleration =a, = Fv
I

Normal Component of acceleration =a,_ =
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Lecture 5-2 !
Example: -A particle is moving along the parabola x* = 4ay with constant speed. Determine
tangential & Normal components of its acceleration when it reaches the point whose abscissa is
J5a.
_ 5 : - . dy dy x
Given that x” = 4ay Differentiating wort "x" 2x=4a— = — =
dx dx 2a
d’y d 1 d
—%—= [ = ]=—Givenrharx=s/§arherefare L4 i = V5
de dx\2a) 2a dx 2a 2
we know that
. =3 IF 2%
1+rd_}\h ; l+(£} I 3 [~
 dx 2 "3 [9}” (27] 27a
ﬂ = = = — = — — 2ﬂ _ — Za _— s —
d’y 1 1 4 8 4
dx’ 2a 2a E
Since The Particle is moving with constant speed therefore . =0 E
dt
Tan gential Component of acceleration =a, = % =() E
_ v:i o 4yt E
Normal Component of acceleration=a, =— =
p 2la E
Lecture 5-3
Example: -Find the tangential & Normal component of acceleration of a point describing ellipse
2 2
'Iz + : - =1with uniform speed v when the Particle is at (0, b).
a
2 2
Given that —+2_=1
a b’
b +a’y? = a*h’
2
Differentiating w.rt "x" 2xb* +2a’y ﬁ =0=> ﬂ = — $
dx dx ay
/ dy ( b2 )) ( a’y® + X°b? A
2 2 3 y=x— 1P &, G 2 2 N e, O g
dy b dfx)_ b|- de |[_ P ay)|_ b a’y _ b fay +x'b
dx? a* dx\ y a y? a’ y? a y? a ay’
\ / \ ) } y
a@nP -2 __ O _g
dx ay ab i
;
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d’y _ b'(a’y’+x’b’)_ b’ (a’b’+0°b")_ b'(a’b’)_ b
da a’ ay’ a’ a’b’ a’\ a a’
we know that
i 2%
r’d \
b4 3
1+] — 2%
| \dx) __[1"'(0) ] _a’
Ty O
dx? a’
d
Since The Particle is moving with uniform speed therefore d_: =0
; : dv
Tan gential Component of acceleration=a, = 2 =0
4
Normal Component of acceleration =a, = L. v; =
A
b
Lecture 5-4
Example: -A particle is moving with uniform speed along the curve x’y = a(xl + E] . Show
. ; 10v*
that acceleration has maximum value °
a
2 2
Given that x’y = a[f + a—], o
-J:'T 9a
aI ﬂ_"l
=a| 1+ = |za+—=x"
' ( 5 J N3
L
Differentiating w.rt "x" o .

dc 5

d’y 2a°d, ,, 6a’
& Fa ) E
we know that
= (dyﬁz'% B 2:]3 . 2*% 4ﬂﬁ
1+ — I+ ——=x 1+=x*
L \dx 1 L \E la 5
S 6a' - 6a'
dx’ J5 J5

10

J5x* [ 5x° +4a° |
6a’ 5x°

HZ
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Since The Particle is moving with uniform speed therefore ﬂ =(

dt
=S =

‘ | will max imum when p is minimum

a= —ﬂ—

dp i [5x vda ]/ 30a’x S:X[sx +4a ]/ —[5x°+4a ]/—3na

“ dx 30a'x (30a X )
30{]3 5 3[ .IE +4aﬁ:l}é [30x5]_[5x5 +4{Iﬁ]% (150a3x4)
dp _ 2
- (30{13.1'5)2
dﬂ _ gﬂﬂﬂj 10 2[51‘& +4ﬂﬁ]% _[th +4ﬂﬁ]% (lsoﬂjxq) ) (ISDHHIJ)[SIﬁ +4ﬂﬁ:|}r‘£ (%ﬁxﬁ _sxﬁ _4aﬁ]
- (3[]#:13'.1'5)2 (3{],5.3 X )1
dp [5.1: +4a ]}/(4x —-4a ) 4[5.1‘ +4a ]}/(x — ) 2[5xﬁ+4ﬂﬁ]}é(f—ﬂz)(.r"+_rzaz+ﬂ")
dx 6{] x ﬁﬂjxﬁ — 3H3Iﬁ

Putting ap. =0, we get x =xasince a <0 before a & — 4p >0 after x=a
dx dx dx

Therefore p is minimum when x=a

3
[Sa +44° ]y [9a :|/ 27a’ 9
thus p_._ — — = -=—a
30a’a 30a 30a 10
v 10V
Maximum value of acceleration = =
pmin gﬂ

Lecture 6-1

RECTILINEAR MOTION
The motion of a particle along a straight line 1s called rectllmear motion. Let the particle start

from O along a line. We take line alnng x-axis. Let after time “‘t’” particle be at a point at a
distance ‘x’ from O. O r P x-axis.

Let r be the position vector of point P w.r.t origin O. then

r=0P= xi

Now ;_fi &Ei:ﬂ_d“’m\ \ v&| \
dt dt dt’

Il"}mus'ﬂ'lw—ﬁ &a_d‘r-dp_ﬂﬁ_pﬁ
dt dt* dt dx dt dx

11
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Lecture 7-1
RECTILINEAR MOTION
Motion With Constant Acceleration
Let the particle start from O with velocity u at time t=0 with constant acceleration. Let after time
“’t”” particle be at point P at a distance ‘‘x’’ from O. Then

d
a= d_v —> adt = dv integrating both side
I

Iadr = Idv —> at+ A=v where Ais constant of acceleration

att=0,v=u a(0)+A=v D A=v

v=u+at Which is Ist equation of motion.

Asv= % =u+at = dx = udt + atdt on integrating both side

J.d.r=j.udr+ﬂrdl‘=>x=ur+%ﬂr2+ﬂ
putt=0,x=0B=0 oDx =m+l¢:;n'I which si second equation of motion.

Asa=v. % —> adx = vdv on integrating both side

Iﬂdxzjvdv—hrax+C=%vl,purr=O,.r:0&v=u
1 1 1

C=—u’">Dax+—-u’=—v' = 2ax+u’ =v* = 2ax=v* —u’3rd equation of motion

Lecture 7-2
RECTILINEAR MOTION EXAMPLES
Example: -A particle moving in a straight line starts from rest & is accelerated uniformly to
attain a velocity 60 miles per hours in 4 seconds, finds the acceleration of motion & distance
travelled by particle 1n last three seconds.

Initial velocity =u =0, time=1t=4sec

P velocity = 60miles/ h=22"21%0%2 _ gg rfec
3600
v=u+at,a= > o - =22 ft / sec’

[
Now Distance covered in st second = x, = ut + %HIZ =0+ %(2.’2)(1)I =111t

Now Distance covered in four second = x, = ut + l at’ =0+ % (22)(4)* = 176 ft

2
Distance covered in last 3 seconds =x,—x, =176—-11=165ft
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Lecture 7-3
RECTILINEAR MOTION EXAMPLES
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ipoot Contact No: - 03068994125

Example: -Two particles start simultaneously from point O & move in straight line one with
velocity of 45 mile/h & an acceleration of 2ft/sec? & other with a velocity of 90 mile/h & a
retardation of 8ft/sec’. Find the time after which the velocities of particles are same & the
distance of O from the point where they meet again.

For 1st particle

T S Wi (L. Lo PPN
3600

a =2 ft/sec® We know that v =u+at = 66+ 2t
For 2nd particle

u=90mile/ h= ol il =132 ft / sec
3600

a =-8ft/sec’ We know that v=u+at =132-8t
According to given condition 66 +2t =132-8t

10t =66 = t = 6.6sec so after 6.6 sec velocities of particles will same .

Let both particle meet after a dis tan ce x then
For 1st particle

x=uf+%ﬂ!1 =66r+%2r"‘ = 66t + ¢t

For 2nd particle
X=ut+ %m: =132t + %(—B)rz =132t -4+’

Given condition
66t+1t° =132t—41" = 5t> =66t =t =13.2sec
x=1045.44 f1

Lecture 8-1
. MOTION WITH VARIABLE ACCELERATION

Time Dependent Acceleration

dv_dzx_dvdx_vﬂ
dt d* dxdt ~dx
First condition Time dependent Acceleration
d’x
e a(t) = I

x=jb(r)+m+3

Acceleration = a =

d*x
dt’

=J'a(r)dr+A:>%=b(r)+A
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Example: - Find the distance travelled & the velocity attained by a particle moving in a straight

line, at any time t if it starts from rest at t=0 & is subject to an accelerations’ +sinz +e'.
2

=t'+sint+¢'

Acceleration = a = ;

dt
First condition Time dependent Acceleration

to find velocity we will integrate
d’x dx

-Ir +sint+e => —=——cost+e + A
dr’ dt 3
C . .. dx
By applying initial condition d—z[}.r=0 0=0-1+1+A
[
3
:A=U.:>dx=r —cost+é'
dt 3

To find distance we will 1ntegrate again
F '

Idx=j ——cost+e' [dt = x=—-sint+e' +B
3 12

By applying initial condition t =0, x =0 we obtain B = -1

rd
x=—=8int+¢' -1

Lecture 8-2
$ ' l‘ [ _'I.-._..I_ : . R/ .

Velocity Dependent Acceleration
dv dv dx dv

=y —
didrxdt dx
Second condition velocity dependent Acceleration

Acceleration=a =

a(v) = vﬂzbdx vﬂzbjdx jlvi:}Jr: L4:1f'.ﬁ'+t’_?
dx )

a(v) a(v a(v)
" —=a(v)=>dt = o == —+D
dt a(v) a(v)

Example: -A Particle moves in a straight line with an acceleration kv°. If its initial velocity is u,
find the velocity & time spent when the particle has travelled a distance x.
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= t =0, initial velocity = u, final velocity = v’
ot b ety = 2 =t = & kdx:j L §
’ dx dx v’
#
=) -l = kx+ A By applying initial condition - L =k(0)+A,A=—- L}
v u u
ST UG TS NP = SO ?
v u v u u 1 - kux
a=kv’ :}ﬁ—kv :>£—kdr::>_|'d—f— : =kt+B
dt V Vv 2v*
t=0,v =u.rhen-%= B
2u
’ —L—kr—L::»kr— l1+ 11:H= l(lz_lzJ 1 1 1 kux
E 2 2’ ' 2u’ 2 \u® V) 2%k
1
t= 2 — kux
E Zkuz ( )
% Lecture 9-1
MOTION WITH VARIABLE ACCELERATION
Distance Dependent Acceleration
/ Acceleration depends on distance than it is called distance dependent acceleration. ’
dv dvdx adv
ﬂ'(_x) — — —
dt dxdt dx
2
int egrating Ia(.r)d.r — jvdv > F(x)= %+C = 2F(x)-2C =V’ E
? dx dx
/ v=+2F(x)+D > —=1+2F(x)+ D = + = | dt /
é v . I 2F(x)+D J g
= i-[ i + E
J2F(x)+D
Example -Discuss the motion of a particle moving in a straight line with an acceleration x°,
where x 1s the distance of particle from point O on the line, if 1t starts at t=0, from a point x=c
2
; with velocity % I
E
—————
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Dynamics MTH404
c

t=0,x=c,v=—x-&a=x

A

2 4
auvﬁ—x = vdv = x3dx:>Ivdv=Ix3dr:>v—=x—+D
dx 2 4

2 \* 4
By applying initial conditon l(E—J = % +D=> D=0

. - . 23 -2, 9
S0 — = 2 3V:EI zrdr—ﬁx :'nEx d.x—drﬂﬁjx dxﬁj.dr

Lecture 10-1
Graphical Method

Y Wil ‘ Considering a particle which 1s moving along the
| } 1 Cartesian curve y=f(x)

| .| Letat any instant the particle is at point P(x, y).
Pc= ) _i Draw a tangent to the curve at P(x, y) then a slope

:(& | curve y—f(x) & in between the lines x=a & x=b.
0 e

then A = j' ydx .

Space Time Curve

Considering a particle which 1s moving along the space time curve : o ) \
x=f(t). Let at any instant the particle is at point P (t, x). Draw a - . (}}\
tangent line to this curve at point P. The slope of the tangent N
line=velocity =dx/dt. Clearly when a particle moves along a space —— -}
time curve, then at any instant its velocity 1s given by the slopeof _ | () .

tangent line at that point. Let the particle 1s moving with constant

velocity then j—:-=c:>dx=cdrzalit=cfd::>.r=cr+Ais the

first degree equation in “‘x’’ & “‘t’’ representing a straight line
clearly if a particle moves in a space time plane with constant
velocity, its motion will be rectilinear motion.

Velocity Time Curve

Consider a particle which 1s moving along the velocity time curve v=f{t). Let at any instant “‘t”’
the particle is at point P (t, v). Draw a tangent line to this curve through the point P (t, v), then
slope of tangent line =acceleration=dv/dt. Clearly when a particle moves along the velocity time

g
! o A 4 of tangent line=dy/dx. Let A be the area under the
?
i
:

16
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curve, then at any point its acceleration is equal to the slope of tangent at that point. Let the

o : : : dv :
particle 1s moving with constant acceleration then o = a(constant) = dv = adt = Id‘v = uIdr >Dv=at+B 1s
{

the first degree equation in “‘v’’ & ‘‘t’” representing a straight line. Clearly if a particle moves in
a velocity time plane with constant acceleration, its motion will be rectilinear motion. Let **A’’
be the area under the velocity time curve

v= f(t) then A:I vdt = % dt = _[d.x = ‘x‘:’ = x(t,) — x(t,) where x(¢,)— x(t,) is the distance

travelled by the particle in the time interval (ti, t2).

Lecture 10-2

Show that the length of subnormal at any point of velocity space curve gives the
corresponding acceleration of the particle

Considering a particle moving along the velocity space
curve v=f(x). Let at any instant the particle is at point P(x,
v). Draw tangent & normal to this curve at point P(x, v).

FFEFrrrr TNy rr sy ryrrrrrrryrFryyryy

dv

Slope of tan gent line =— =tané N
pe of tang o _01_
MN

Now from right angled triangle PMN TR tand = MN = PM tan @

dv dv

put PM =V tan@ = — then MN =v—
dx dx

Length of Subnormal=Acceleration clearly the length of
subnormal at any point of velocity space curve gives the ¢l
corresponding acceleration of the particle

Lecture 10-3

A particle starts from rest from ‘‘O’’ with constant acceleration “a”. when its velocity
acquires a certain value “v” it moves uniformly & then its velocity starts decreasing with a
constant retardation 2a till it comes to rest find the distance travelled by the particle, if
time taken from rest to rest is “t”.

Solution: - Considering a particle that starts moving from rest from the point “O” & move with
constant acceleration “a” & attains a velocity “v” in time “t,”, then it moves uniformly for the
time “t2”, then its velocity starts decreasing at the rate of “2a” & it comes to rest at point C after
further time “t3”. Let t be the total time taken by the particle from rest to rest t=t|+t2+t3.

Now the slope of line OA in the velocity time graph is the acceleration & the slope of line BC is

the retardation of the particle, Thus we have

v v v v
—=a& —=2a Hencet, =—&t,= —
t, t, a 2a
V.oV 3v
t=t +t,+t,=>t, =t—t, —t, St,=t————=t——
a 2a 2a

£
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The dis tan ce travelled in time "t" is given by
x=AOAM + Area of Rectan gle ABNM + ABNC

x—lrv+rv+lrv—lv(r + 2t +r)—lv 3+2(r—£}+1
2 Y 27 T W 2 \a 2a) 2a

x= %v (21‘ — 3_1!) is the required dis tan ce

2a
Lecture 11-1
SIMPLE HARMONIC MOTION

Periodic motion is the motion in which an object repeats its path in equal
intervals of time. For example the emotion of hands of clock is periodic
motion; leaves of tree moving to & fro due to wind breeze, these all are
the examples of periodic motion. The particle performs the same set of
movements again & again in a periodic motion. One such set of
movement is called oscillation. An example of oscillatory motion is
simple Harmonic Motion. The motion of particle along a straight line
with an acceleration whose direction 1s always towards a fixed point on
the line & whose magnitude 1s proportional to the distance from the
fixed point is called SHM. Now consider there is a spring fixed at one
end. When there is no force applied to it, it is in equilibrium position.
Now if we pull it outwards, there is a force exerted by the string that is
directed towards the equilibrium position. If we push the spring inwards,
there is a force exerted by the string towards the equilibrium position.

tm“t“ﬂttM\Wth“mttmmmmtttMﬂ““mﬂﬂﬂ‘xﬂM‘
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.

Let O be a fixed point on the line along the particle is moving. Let the particle be at point P a dis tan ce
d’'x

dt’ =

x from O towards its right. Then acceleration of particle is accelertion =

where k is the constant of proportionality & negative sign indicates the acceleration directed against
the direction in which x is increasin g. This motion is taking place in such a way that when particle is
moving away from point O, the acceleration is acting against so that as the time progresses, the

velocity becomes lesser and lesser.

2 2
ﬂfr:eferﬂriﬂn=a=vﬁ:>v£=—kx::vdv=—hdx:ijdv=-ijdx:}v—=—kx—+A where A is constant
dx dx 2 2

-

—

of acceleration. when x=a & v=0 thenA =k ﬂ?

vVi_ o x _ ,a
2 2 2

?
- k(al_xz}:,,__ﬁ_=ﬁd; a
i

>vi=k(a’*-x)>Dv= :t.Jk(ﬂ?' - x?%)

dt ’(HI—II}

by integrating again IL = Iﬁdr = sin™' (£J =Jkt+Bwhent=0,x=a
J@®-x%) a
Where B is constant of integration. sin™ [5] = Jk(0)+ B= B=sin"'(1) = %
a

sin”' [fJ = Jkt+B = sin"(i] = Jf?r+—§:> [‘-;—) = sin[ﬁr+%] = x = acos ki

a a

Lecture 12-1
NATURE OF SHM

As the displacement of a particle Performing SHM at any time t is x =acos Jkt Also

—1<acos JEI <l1=> -a<acos JLTI <a = —a < x < a. Thus the maximum displacement from a
fixed point O is x=a. The fixed point O is called the center of motion. The maximum
displacement from the center is called the amplitude of the motion.

Now x =acos Ji?r = X=4acos (JE: + 2.1:') = acos JE (r + 25] which shows that the distance at

Jk

. 2r .
time ¢ &r+7_—- IS same.

k
x = acosJkt by differentiating w.r.t "t"

L NP = T N > sin(JE: + 2}:‘) = —ak sinJk (r + 2_”'J
dt JE
27

It shows that the velocity at time ¢ &1+ —J? IS same.

Lecture 12-2
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EXAMPLE OF SHM

A particle describes SHM with frequency f. if the greatest velocity is V, find the amplitude &
maximum value of the acceleration of the particle. Also show that the velocity v at a distance x

from the center of motion is given by v =27 f\Ja® — x>, where a is amplitude .
Given that Frequency = f

Velocity =V = JA (.f::.'1 - xz) but for max imum velocity x =0

Given that Maximum velocity =V = J}l(az —UI) = JAa
V = ﬁa, where a is amplitude

Vi_, VA

A.ST:z—Esn Frequenc'yz—zfz—iﬁ:Zﬂ'f
ﬁ 2T 2r
By both equation V = 2rxaf
Amplitude =a = L
2n f
Acceleration =|-Ax|= Ax for Maximum Acceleration x =a

Now Maximum Acceleration = Aa = (27 f )z % =2x fV
/4

velocity at distance x is given by

V= JA(HZ -x}) = \{(2.‘:'{)")2 (@* - x*) =27 fJa* — x*, where a is amplitude

Lecture 13-1

EXAMPLE OF SHM

A particle describing SHM has velocities Sft/sec & 4ft/sec, when their distances from the
center are 12 ft & 13 ft respectively. Find the time period of motion.

2n
Time period = —
P JI

; R E R R N R R RN R R R R E TN R TR T E TR RN NN

We know that v’ = k(a® - x*)
when x =12 ft thenv =5 ft / sec & when x =13 ft thenv =4 ft / sec
25=A(a*-144)& 16=A(a’-169)

by solving both 254 =9 = .JI — g
Time period = Z—H = Time period = IO_H
Vi 3
Lecture 13-2
EXAMPLE OF SHM
20
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If a point P moves with a velocity v given by’ =n’ (ax’ + abx + c)shnw that P executes a
SHM. Find the center, the amplitude & the time period of the motion.
Given that v’ =n’ (iI.I: + 2bx+ c')

Diff .w.rt"x" we get

2v E =n’ (2ar+ b) =5 uﬁ =n’a [x + EJ wE = acceleration
dx dx a

acceleration = —n’a |:—(I + 2]] put X =— [ x+ EJ
a a

acceleration = —n*aX = acceleration < —X
Which shows that P executes SHM

To find Center put X =0> X = —(x+ E] =>0= -(x+ E],x= o=
a a a
To find Amplitude put v=0=>v* = n* (ax’ +2bx+c)
n’(ax® +2bx+c)=0=>(ax’ +2bx+c)=0
. —2b++J4b* -dac -b++[b* -ac
2a a
Let O be the origin then
op—btbi—ac o o —b-b’-ac
a a
Let C be the center then
2 2
0C = -2 then Amplitude = cA = 0A-0c = =2* Vb’-ac _b_ b’ -ac
a a a a
Time Period = Z—E.A =n’a
Vi
TimNper o = =X -
nva
Lecture 14-1

METHOD OF DYNAMICS

A dynamic system i1s called two dimensional if the orbit of each particle of system is parallel to a

plane.

21
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Equation of Motion: - if 1n a time t a force 1s acting on a body whose mass 1s m & moving with
velocity v then Equation of Motion will be

£ im)=FSmEv=rNv=N=ma=F
dt dt
I i
Asﬁzvrhen mi(ﬁ]z F::>md :=F:>m.r= F
dt dr\ dt dt
Central Force:- If the force F on a particle always passes through a fixed point O, the force is

called Central force & O is called center of force. %(mv) =0 By integrating > mv=C.
f

Hence the momentum of the system moving under the influence of No Force is constant
throughout the motion which is called principle of conservation of momentum.

Lecture 15-1

Two-Dimension Cartesian Form

Suppose that particle is moving in x y plane then position vector
r=xi+y] & F=Xi+Yj
dv

m—=F=>mv=F=>F=m.r
dt

Xf+1j=m(ii+jaj):>m.}=x&mj:=1f

v—i."—dr—dxi+ﬂ = xi+yj
dt dt rj o

v = (1) +(y)

Lecture 15-2
Example

A particle moves in such a way that its position vector at time t is r=(acosnt)i+(bsinnt)

where a, b, n are constants & a>b>(. Show that the path of particle 1s an ellipse of semi-major &
minor axis a, b respectively, & that the field of force is directed towards the center of ellipse.

FEFrFFFFrFFrrr Ny ey

o T T T



Find also the maximum speed.
r=xi+yj

x=acosnt & y =bsinnt

r =(acosnt)i+(bsinnt)

As equation of ellipse is given by

x*  y® a’cos*nt  b*sin® nt
s+5=1= . + =

a b~ a” b

which shows that path of particle ia an ellipse

=1=>cos’nt+sin’*nt=1

In cartesian system

vi=(x)i4+(y)?

x=-—ansinnt & y=bncosnt

v = (—ansinnt)*+(bncosnt)” = a’n *sin’ nt + b’n * cos® nt

vi=a’n’sinnt+b’n*(1—-sinnt)=a’n’*sinnt+b°’n’*-b’n’sin* nt =n’(a* —b*)sin’ nt +n’b’

when sin” nt = 1 then v will max imum -
2

v =a’n’*=-b'n*+n’b* =a’n’

v = na

Now we will find force

F=ma=mv=mr

x=—ansinnt then x =—an’ cosnt & j.* = bncosnt then y = —bn” sin nt
r=xi+yj= (—anz COs m')l'+ (—:!:urr'1 sin nr) = —n*(acosnti+bsinntj)=-n’r

F=mr=m(—n’r)=—mn’r

Lecture 16-1

Two dimensional Polar form of equation of Motion

Let suppose the motion of particle is restricted to x y. then polar coordinate of particle is (r, 0).
The radial & transverse component of acceleration is

:
i
z
:
i
E

n !
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.I Wi i
a = d—f - r[ﬁj =r-r(@)
dr” dt
. dr d0 d*0
transverse component of acceleration=a,=2—.—+r—
dt dit dt
a,=2.r.0+ré

el -

if r&s are radial & transverse unit vector

F=Fr+F,s
a=ar+a,s

F=ma= Er+Fﬂs=m(arr+aﬂs)

F =ma, = m(;'— r(Q)"‘)
e =hb =h2ro+ro)
if the particle is moving along a cirlce of radius "a"

rsz:Q;=0

then ¥ =1ma@)* & ¥, =rha(d)

Lecture 16-2

Example: -A particle of mass m moves on xy-plane under the force F = -%; where r is its
r

distance from the origin O, If it starts on Positive x-axis at a distance a from O with speed vo in a

1 .
ma’v, sin’ a -k

direction making an angle a with the positive x-direction. Prove that at time tr= -
mr

24
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k- k ~
r il r
F:=HI(;'-F'(9)E) &Fﬂ=m(2f9—r(9))
m(}—r(fl?)z)=—£1=?(;'-r(9)1)=‘ k!
r mr

m(ZEF— r(é)) —0=>2r6- r(é) =0 by integrating = 1(%(,-3 9)] =0

.
i(Jr'zu‘,.:'7)=[?l:>i"EQ:.r:
dt

L]

v=vr+r@sat r=a & V=1,
vﬂ=(vncusa);+(vﬂsina);

V, SIn Q@

(r),_, =vycosa &((r@)_, =v,sina=>al=y,sina=>0=
a

V, SInQ

a

24 2 -
rré=c>=>a ( ]:C:DHU{]SID{IZE
av,sinQa

2
r

. U
(;__r(g)l):_ k :};:r(g)g_ k =r(avﬂsmaJ _ k

3 2
mr mr r mr

rzﬂzavnsina:bt?:

3

a’visina  k

r mr’

T .
- ma’v; sin’ @ -k
r= -

r=r

mr

If force F acting on particle whose position vector r produces a displacement, then work done
will equal to

dw= F dr

" 2 dw dr dw ]
W=der=IF.dr:>A.s dw=Fdr so P=—=F. 2 =>""-Fy &K.E=T =—m/*
y’ X dt dt dt 2

Principle of Energy (Theorem)

The total work done on a particle in moving it along a curve C from P, to P, is equal to increase
T>-T, in the K.E, where T> & T, are K.E of particles at t; & t2, Corresponding to the positions P
P>.

F i

{ Lecture 17-1
!
;
|

Radial Fﬂrce':F,=—i4;=——rr=——3r,Fﬂ=U l

é
é
i
i
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Proof

Work done by the particle as it moves from F, to P, is given by
dv

dt " dt 2

R 1 "

The rate of increase of K.E of a particle is equal to the power applied to the particle.

r=lmv1:£=12mv£=mvﬂ=F.v=P vr=K.E
dt 2 dt

Lecture 18-1
Conservative Force & Principle of Conservation of Energy

The Work done by a conservative force is independent of the path, in other words, the work done
by conservative force is the same for any path connecting two points.

if Position Vector = Xi + yj+zk
F = —@i—@j—@k =—Vv = gradient of zero
ox 0oy 0z

Let f (x,y,z) be a scalar - valued function. then its gradient is

Vf(x,y,2)= [gf—(x, y, z),g—(.r, y, z),gi(x, Y, z)J is a vector field.

;
5

W=[Fdr >F=ma=m=

. dt

$ 74 " d ry 2 |- 1 1

W:Ima.drz m—vdrz m—rdvzjmvdvz i =—mv§——mv,1:r1—rl

, - 2 2

Ox Oy 0z I
Which is denoted by F = Vf.We can easily calculate the curl of F is zero. _

We use the formula for curl F in terms of its components
oF, OF, OF, oF, oF OF, ]
0z 8z Ox oOx Oy
Since each component of F is a derivative of f, we can rewrite the curl as
mwfz[azf O'f ‘alf 8f | o’f affJ
Oy0z O0z0y 0z0Ox 0OxOz OxOy Oyox

if f is twice continuously differentiable, then its second derivatives are independent of the orde

Curl F =(

in which derivatives are applied. all the terms cancel in exp ression for curl Vf, we conclude Vf =0.
The work done on a particle in moving from P1 to P2 under a conservative field of force, is the
difference between the P.E of the particle at P1&P2 respectively.
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£

% T (ov. ov. ov 4 .
W=}[F.dr=W={—[a:+5;+ak].(dn+dy;+dzk)

;
ffov, ov, o T P :
;!(Er‘x ayd}' > z) :!; v=—v, (ve, = vy )=v-W,
if ris K.E &V is potentail energy then E =7 +V

Theorem: - In a conservative field of force the total energy of a particle remains constant
throughout the motion.

Proof: W=y -v, &W:*TZ—T so v—-v,=T,-T =T +v, =T, +v,

Lecture 19-1
Earth Gravitational Field

Earth pulls all material with a force which is called Earth Gravitational force. If the vertical
acceleration is g which is produced by free falling body, is called gravitational acceleration. If m

is the mass of body force 1s equal to g than F=ma implies W=mg=-mg; then g=-g; .

v=mgy =y is the height of particle at timet & v is P.E

Field of force will conservative if we have scalar field (x, y, z)
ov. Ov . Ov ov

=-—1j-—j-—k "v-— j=—mg =W hence W will conservative

ox 0Oy 02 oy

Example: -A particle of mass m falls freely in a vertical plane under gravitational field from a
height h with speed vo. Find the speed with which it strikes the ground.

K.E= lmvz & P.E = mgy

2
By principle of conservation of energy

%mvz +mgy=C

t=0,y=h,v=y,
%mv{f +mgh = C by putting the value of C

%mw2 +mgy = %mvj +mgh = %—mvz —%mvﬁ = mgh—mgy

Lin(v2-12) = mg (h- 3) =¥~} 22 (h=3) = v* =3 + 2¢ ()

when object strike the Groung y =0

v3=v§+23h:>v=Jv§+23h
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Lecture 20-1
Principle of Angular Momentum

The moment of linear momentum of an object is called angular
momentum. Angular momentum is represented by L. Momentum i1s the
motion contained in a body. Quantity of motion possessed by a body
depends upon both of its mass & velocity. So the product of mass &
velocity is the measure of the momentum. The angular momentum of an
object about an axis of rotation is measured by the product of the linear
momentum of the object & the perpendicular distance between the
object & the axis of rotation.

T TV TV T T N T T N T N TR T

Suppose an object of mass m is revolving around a circle of radius r with
speed v about an axis passing through center. The linear momentum of
object, p=mv

m of object, L=linear momentum X Perpendicular distance from axis of

L=

rotation. L=P r which implies that L=mvr. This equation expresses the angular momentum of
body. It i1s a vector quantity. forque =7 =rx F

Theorem: - The rate of change of angular momentum of particle about a point O is equal to the
torque of forces acting on the particle.

torque =t =rxF

L=m(vxr)

% = %(m(‘b’ X F) )
=—mv+r—(mv)
dt di dt
ﬂ =vxXmv+r i (mv)- . cross producf is zerovxmy =0
dt dt
dL d

—=r—(mv)=>rxF=rt
dt dt

Lecture 21-1
Motion of Centre of Mass of a System of Particles

Let O be the ongin & r,, r;,....r, the position vectors of a system S of n Particles of masses

m,,m,,....,m respectively at time t. Then the center of mass G of the system S is the point whose

position vector 18

g
;
dL dr d i
s
?
?
:
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n
linear Momentum = p = Z my,

i=l

Let external force = F,
Internal Force=F, = Z F, *F, =0
j=1

By Newton 3rd law of motion F.=-F

i g

gﬁl =ii";— = Z":Fﬁ :_iFfj :_ii‘Fﬁ :_ZE‘.

i=1 j=1 i j=1 i j=1 i=1 j=1 i=1

iﬁ' =—i1~jﬁ :>2iF,.' =0:.>if~j.' =0
=1

i=] i=] i=]

This proves that sum of internal forces acting on body is zero.

Lecture 21-1

The Total work done by the forces on a system of particles in moving from the configuration at t;
to the configuration at time t; is equal to increase in K.E.

0 0 ) i n © dr 0, mv?ﬂi
W=!Fdr=zl[lﬁdﬁ=§;!‘:m'?;.dﬂ =§ﬂmid—;.d‘l}f =Z’J;m,'vdv,- :Z T'P
2 @
ASKE:T:lmPI W= sl =T, -1,
2 2 |,

‘F:'d’} =_dv:'
)

"% =—Zjdv,. =—Z|v‘.‘i" ==(v,=v)=v,—v,
P

I,-T,=v,-v,

I+v, =1 +v,

Lecture 22-1

Example: -A ring of mass m slides on a smooth vertical rod & is attached to a light string which
passes over a small pulley distant a from the rod, & has mass M>m fastened to its other end.
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Show that if the ring 1s dropped from the point in the rod in the same horizontal plane, it will

descend a distance 2&mM1 before coming to the rest.

M?*-m’

The system starts from rest. Suppose that after it is released the system
comes to rest again (instantaneously) when the ring has fallen a distance
, ¥y below its initial position and the block has been raised by distance h.
The PE lost by the ring must equal the PE gained by the block, since
neither mass has KE at this instant. Therefore
mgy=Mgh

| Now we have to find how y is related to h.
When the ring has fallen a distance y, the length of the string between the peg
and the ring is L where

I’=a*+y* hereh=L-aimpiesL=h+a
% 2 2_ 2, 2 2, 2 y 2., .2
L'=(h+a) =>(h+a) =a +y " =>h +a" +2ah=a"+y

y* =h* +2ah

g

! As mgy=Mgh:>my=Mh:>%y=h

i let k = 2= then h = ky
M

?

i

i

y' =k’y* +2aky = y* —k*y* = 2aky = y*(1-k) = 2aky

m 2am

2a— —
2ak 2amM
y(l_kz):?'ak:)y:l-akzz :: I:M'Iﬂimr:2 :(M;fmz)
“(E] M
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Lecture (23)

Projectile Motion

Projectile motion is a form of motion where an object moves in a bilaterally

Symmetrical, parabolic path. The path that the object follows is called its

trajectory.

Projectile motion only occurs when there is one force applied at the beginning

on the
Trajectory, after which the only interference is from gravity.

Trajectory of a Projectile

Let a particle of mass ‘m’ is projected from a point ‘O’ with initial velocity ‘v’
making an angle ‘a ’ with horizontal. Take ‘O’ as origin and horizontal

and vertical lines through ‘O’ as x-axis and y-axis respectively.




r=xi+y

dl" afx;_kﬁj
dr di dt
=27+ 2;
dt dt
F=-mgj
F =ma
8J= dr’ dr
w d X . doy
0 s
1—8J=a
dz a‘2
_0 -
df dr -8
J-dx_d‘.r=
di* di
2
Id‘v 2l =—gt+ B
dr’ dt
t=0 £=V,cnsa
dt
II:f—y=l/".5in4t:.-:
di
A=V, cosa B=V,sinx
;£=(Kcusa) ﬂ=—~:g,rr+H.s'1nnr:;1f
1

x=(V.cosa)+C

2

y=(V. sina)t—%g+ﬂ

_ _ 2
y=Xxtana =SeC” &

x=V,cosat

: 1
y=V. 5111.'::.':-531‘2

X
i —

V.cosa

, X
=V, sing
Y [V, cnsa]

1 X
23 V. cosa




Definition:

Trajectory is the path described by any projectile.

Lecture (24)

Properties of projectile

Objects experiencing projectile motion have a constant velocity in the

horizontal direction, and a constantly changing velocity in the vertical

direction. The trajectory resulting from this combination always has the shape

of parabola.

Notice that the trajectory is a parabola.



Vertex , Latus Rectum and Masimum Height of a Projectile

(y-k)'= 4a(x-h) (y-k)" = - 4a(x-h)

opens rght opens lef
- )

Pocus P[0 -a) Ew;hlnﬂ
T lotus rectum ¥ 2 8
Length of iatus rectum = 4o wp ;

| atus Rectum

The line segment through a focus of a conic section, "‘h'f o P
perpendicular to the major axis, which has both endpoints |

on the curve

(h.k)

vy’ =4ax

(.Jc—-f-‘l)I =4ay—k
= —4a(y— k)

Latus Rectum
The line through a focus of a conic section,

Perpendicular to the major axis, which has both endpoints on the curve.

Focus of a Parabola

A parabola is set of all points in a plane which arte an equal distance

away from a given

Point and agiven line. The point is called the focus of the parabola and

the line is called the directrix.



The focus lies on the axis of symmetry of the parabola.

i W ke Teek Vs ey e
Vertexr, Latus Rectum and Mavimam Height of o Projectie

(yk)'= da(z-h) (y&)’ = - da(x-h)

opens nght apens left
L] L
1’ l
| )
'h-t L . & - I

Opens Jp anens Jown
Latus Rectum [ [ |
The line segment through a focus of a conic section, - A . e | E
perpendicular to the major axis, which has both endpowmts
om the curve

Finding the focus of a parabola given its equation

if you have the equation of a parabola in vertex from y=a(z—h)’ +k,

then the vertex is a

is at (h,k) and the focus is [h,k + %)
a
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Examples of projectile Motion -1

Question

Determine the maximum possible range for a projectile fired from a

cannon having

muzzle velocity vq and prove that the height reached in this case is

Ve

Solution:

Range = horizontal velocity x Time of flight

2v,SIna
g

=V, COSQ X
I "

v.” sin2a
g

sin 2a is max

sin2a =1
2a =sin”' (1)
2a =90
a =45
v
g
v,

Range_  =—
g

v. = lmile / sec =1760x 3 / sec
= 5280 mile / sec

Range =

R =(5280)  g=9.8m/sec’
=32



Lecture (26,27,28,29,33) are included

Examples of Projectile Motion —(11),(111),(1V),(V),(VIl)

Question

A projectile having horizontal range T, reaches a maximum height H.

Prove
that it must have been launched d with

a) an initial speed equal to

\/g(feulsﬂz)

8H

b) at an angle with horizontal given by

5 4H
sSin
[JRI _+16H? ]

Solution:

Let V, be the velocity of projection and a is the angle of projection.



2
L

R=—sin2a
g
g (i)
4
. . . B. V.2 sin’
Given H is the maximum height of the projectile. H = 92.111 -
g
2 4 ‘1 = 2
Divide (i) and (ii) S i B ?ms 2 2 2_31
H g V" SIn” &
R* 8V.}cos’a
o —-
H g
RE
8 —Vlcosta...... (i)
8H
From equation (i) 2gH =V.’sin’a................_. (iv)

2 2
Thus, V.=\lgR +16H

Now, we find the angle 'a'.

From equation (ii), sin’a= 2gR

VI
= sin‘g= ng = 2gH x8H
g(R*+16H*) g(R®* +16H>)
SH
2
=  sin‘a= l6H
R* +16H?
= SIing = AH
VR? +16H’
Thlﬂ, (94 =Si_[]_l[ AH
VR +16 H>

Example:




=T SCosar\JHASITa ~ 1)

0_14. A shell fired with speed V at an elevation O, hits an airship at
height H, which is moving horizontally away from the gun with
speed V,. Show that if (2Vcos — V,) (V? sin’® - 2gH)”* = V,
V sin@, the shell might also have hit the airship if the latter had
remained stationary in the pesition it occupied when the g::
was actually fired.- |

(Solution:

Let ‘A’ be the position of the
.girship when the gun was actually fired.
‘Let the shell hits the airship at point ‘B’.

'f the airship remains stationary at point

A°', then the shell also hits the airship at

A
Given that the shell is fired with speed V

st an elevation 6.
) ]
Now, y = (V su:mB)t--'igt2

: 1
Buty =H Therefore, H=(Vsinf)t—>gt’
Multiply by ‘2° 2H= (2VSinO)t - gt’
- gf-(2VsinOt+2H =0
2Vsind + \/4V“Sin™0 -

Y-ads

= 23
Vsinb £ jVEiﬂE - ZE
So, t= n
iﬁﬁm is the time of motion of shell from ‘O’ to ‘A’
Thus, = 8

Vsind + YV Sin'® -2 istl';etimcnfmnlionofshellfmm‘()‘w‘ﬂ'.

0= g



310 mwnmmu{m.,

==
VISin’0 - 2 .
Thus, t;— 4= 2y '"g L3 Wy (i)

This the time for shell to move from ‘A’ 10 ‘B".
Now, the honizontal distance covered by the shell in time t; - t; with uniform

honzontal speed V cosO is
ABI= (V cosB)(t2 - t;) (using S = vt)

Or ABI= ZVcosB\!V: smia-Zgﬂ

Now, the shell will hit the airship at point ‘B’ if the time taken by the ship to

move from ‘A’ to ‘B’ is equal to the time for shell to move from O to B.
So, the time for airship to move from A to B is also t; given by

. Vsind + \/VZSin’0 - 2gH
.:=
8

Now, |AB|= V.t; (for ship to move from A to B)

- M,M-w _________ i)

From equations (ii) and (iii), we have
2V cos0 \[V7sin® - 2gH _ V,Vsind + Vo\[V?Sin’® - 2gH

g 8 .,
= 2VCosf (VSin?0 - 2gH)” = V,VSin® + V,(V’Sin’0 — 2gH)

or 2VCosO(V3Sin’ - 25@“ - vg%’smze — 2gH)* = V,Vsin®
Thus, (2VCos8-V X V°Sin’0 - 2 V,Vsi




Q.18. An aeroplane is flying with uniform speed V, in an arc of a
vertical circle of radius ‘a’ whose centre is at a height /
vertically above a point O of the ground. If a bomb is dropped
from the aeroplane when at a height Y and strikes the ground at
O, show that Y satisfies the equation

2
ky +y (a* — 2hK) + k(h* — a’) = 0, where k=h+7v7

jolution:

~ Let the bomb is dropped from point O’ (origin). Also let the initial velocity of
bomb is V, and angle of projection is ‘~a’ with the horizontal. So, the equation of 1l
path of projectile is |

sec’ (—a
.
SCC O
:;y=—xtanu-i2?n7— ,

Since the bomb hits at O(x, —y), so it will satisfy above equation.

| ” |
5 _xmu-E‘—S:“—“

2V,



Multiply by (h - y)’ «
h-y)* = [a’ - (h-y) ](h-}‘)"'i'%'x[a ~(h-y)’]
h'—2hy +y)= (a" - b -y + 2hy)(b-y) L A
ﬂ'![az—hz y* + 2hy]
- Tk, 23 )
[Fo ) J_{;ﬂ;’;—'m’v vy -2y
2V, A @ A

rﬂ_(h+£"\l;—-'))’2 (—f +2h2+l1')y+hg3 h’+ﬁg—,§1) E‘L,hl.

f(m '2%) LZ" (h* %’)"‘] y+ ["(‘ - )+ '23:—1(-’—111 ]- 0
(b ZPWJ 12" < 2%’)*’} y+ {(- = h’) h 23;—;]}

Put h+-2£V'—" k
So,-y"qu{zhk ')Y"'ll—h’ﬁl.-o
& (th l’}c (._hzi -0

Or yk + (2" 2hk)y +(h-adk =0
Is required




Lecture (30)

Speed of Projectile Examples

Question:

A shell fired with speed V at an elevation @, hits an airship at height H...

Which is moving

horizontally away from the gun with speed V,. Show that if

(2V cos@ - 'u..)\/(w1 sin® @ — ZgH) =v.Vsin@

The shell might also have hit the air ship if the latter had remained

stationary in the position it occupied when the gun was actually fired.

0 > 3

Solution:




2V sin@ + ,[4V2Sin*6 - 4(g)(2H)
=

2g
So g Ysingt JV2Sin’6 - 2gH
g
Vsin@ +,/V*Sin’0 -
Thus, 1, = sind ’j Sin6 - 2gH is the time of motion of shell from'O'1o 'A'
g
Vsin8 +(V’Sin’60 - 2gH
g = - J m 5 is the time of motion of shell from'O' to 'B'
g
2Cimc) H
Thus, 1,-1 = 2VSin'0-2gH (1)

g
This the time for shellto move from 'A'to 'B'

Now, the horizontal distance covered by the shell in time t, —1, with uniform horizontal speed V' cos@ is
|AB|=(V cos8)(1, —1,)(using S =wr)

e il S SO UG e (2)

g
Now, the shell will hit the airship at point ‘B’ if the time taken by the ship to

move from ‘A’ to ‘B’ is equal to the time for shell to move from O to B.

So, the time for airship to move from A to B is also t; given by



_ Vsinf# JV?2Sin*0 - 2gH

l, .

Now, |AB|=V.t, (for ship to move from A to B)
_sin@+ V.AV’Sin’0 - 2gH

So, |4B|= Y-Sm0t JVSin'6-28H (3)

g
From equations (ii)and (iii), we have
2V cos@ +VirV2Sin"@—2gH _ V.sin6 + V.\V?2Sin*@ — 2gH
g g

I 1
= 2VC’039(V2.5'£H19— ZgH)A =V.sin@ +V- (VIS!'HZQ - ZSH)A

1
or 2VCosf(V*Sin"6 - 2gH)}5 V. (V*Sin’6 - 2gﬂ)f4 =V.V sin@
Thus,
|
(2VCos8 - V. )(Vsznzﬂ — ZgH)A =V.Vsinf

Example




The vertical velocity of a projectile changes by 9.8m/s each second, The

horizontal motion of a projectile is independent of its vertical motion.

Time Horizontal Velocity Vertical Velocity
Os 73.1 m/s, 19.8m/s, up
Right
1s 73.1 m/s, 9.8m/s, up
Right
2s 73.1 m/s, Om/s
Right
3s 73.1 m/s, 9.8 m/s,
Right down
Example

For example, you throw the ball straight upward, or you kick a ball and

give it a speed at

an angle to the horizontal or you just drop things and make them free
fall; all these are examples of projectile motion. In projectile motion, gravity is

the only force acting on the object.

Lecture (31)

Parabola of Safety

For a given launch velocity v and launch angle @

The parabola of safety or safety parabola in the envelope of the

parabolic trajectories of projectiles




Parabola of Safety:

In classical mechanics and ballistics, the parabola of safety or safety parabola is
the envelope of the parabolic trajectories of projectiles shot from a certain

point with a given speed at different angles to horizon in a fixed vertical plane.
Define safety of parabola and derive its equation.

f-“ e —

The parabola of safety is the boundary curve in a vertical plane which include

all possible paths of projectile with the same (a given) initial velocity.

The maximum range of a projectile having initial velocity V,, on an inclined

plane making an angle g with horizontal is



V.2
) g(1+sin )

or R(1+sinf)= =
. V. .
R+ Rsin 8 = (But R Sinp =y)
V'Z
> R+y=—
4
V. , | , [V
or R=—-y squaring both sides, R" =|—-y
Y g
, W 2V, 2
=S xl+y = I+yz+—y ('.'R‘=xl+y1)
g g
rd |
So. . p_: B 21y
1 5
,  2W'y V!
or X == 4 +—
g g
. 2V, V.
= (x-0) = y(y——]
g 28
This is the equation of the parabola of safety
(1) vertex r[ﬂ,EJ
2g
VZ
(2) Length of latus rectum = 2'
g
(3) Focus S(0,0)
Lecture (32)

Range on Inclined Plane

Question:

A particle is projected in a vertical plane with velocity V, making an angle «

with horizontal line. Find the maximum range of projectile and the time of

flight on an inclined plane making an angle B( < a) with the horizontal line.

Solution:




Given that the particle is projected

with velocity V, making an angle ‘a’

with horizontal. During its flight, the
particle hits the inclined plane OA at
point P(x,y) making an angle ‘' g’ with
horizontal.

But x=Rcosf y=Rsinf

So, coordinates of P are (Rcos 8, Rsin ).

As p(Rcos B, Rsin B) lies on the path of parabola whose equation is



! 2
gx S€C o

y=xtana -

2V}
So, we have
. 2 2
RSin 8 = RCosftana — gR Cos [jSec a
2V,
2 2 7
= Sinf = CosBtana — gR Cos ":SE‘-" @
2V,
2o 3 .
- ngCﬂS:ﬂ — Cos SN _Sing
2V Cos a cosa

gR’Cos* B _SinaCosf-CosaSin
2V Cos’a Cosa




2V. Cosa

= R=" 2 Sin(a )

o R= gc’j;ﬁ [2Sin(a - B)Cosal... o (i)
R = gcﬁ;ﬁ [2Sin(ct — B +a)+ Sin(a - f—a)]
Thus R = gC:':;ﬁ [Sin(2a - B) - Sinp]

Now, inorder to find the time of flight 'T', we use the equation.
x = (V. cosa)t

So, Rcos B =(V.cosa)T
- T Rcos B
(V.cosa)

Using equation(i), T = (Vc:zsﬁa)(gcz; {2sin(a —ﬂ)cusa‘}]
Thus, T = ng‘:sﬁ sin(a - )

Now, we find the maximum range. Take

R=g;r2 ﬁ[Srn(th B) - Sinp]

R is maximum if Sin(2a - B) is maximum i.e., Sin(2a - g)=1

or an(Za—ﬁ)=Sﬁn%: 2&—ﬁ=§

Thus R..= gC ey (l - Sinp)

V.2 (1- Sinp)

Foue = 2 (14 5inB) (1~ Sinp)
Kl
Thus, R g(1+Sinp)

This is the maximum range.

Question:

Find the range of the projectile on the inclined plane which is projected

perpendicular

to the inclined plane with velocity 20 m/s as shown in figure.



™
u=20ms"!

Solution:
Uy =0
U, =20m/s
: 3
a =gsin3/=—g
5
-4

a =gcos3d/=—g
' 5

S, = 4,r+~]—q1'::
4 : 2

1

0= 20!+5x(—gcus3?)x

201 = lxl(}xixfz
2 5

201 = 4¢°

1=0.5s

5, = U,t+la.w:
2

=lx+6‘5 xixlﬁs
v~ 2

=7/5m

Central Force:

Lecture (34)

Introduction to orbital motion




If a particle is moving in an orbit under the influence of a force whose line of

action passes through some fixed point, then such a force is called central

force and the fixed

point is called its centre. The central force may be attractive or repulsive.

THEOREM: The orbit of a particle moving under a central force is necessarily

a plane curve.

Proof:

Let F be the central force acting on a particle of mass “m” and the origin “O”

be the centre of
F as shown in the figure.

Let p(7) be the position of the particle at any time t.



Since,F and r arealong the same line,
So, FxF=0 Bu F=ma
or F=m£ ('.'&=£J
dt di
rx J'ﬂﬁ =(
di
- O ()
dt
Now, vxyv =0
or ix R (if) [ V= £]
dt dt
Adding equation (i)and (ii), we have
dv dr
rx—+—xv=_0
dt di
d . _ . .
= E(r xv)=0 interchanging both sides,
Fxv=h. . ... u

Where h is the constant of integration
Now, Dot multiply both sides by 7 in equation (iii)

—

F(Fxv)=F.h
= 0= h (-.-a,(axb‘):o)
or F.h=0

This shows that the position veclor of the particle at any time is perpendicular

to the fixed constant vector h and hence lies in a plane

Lecture (35)

Orbital Motion Theorem 2

Theorem:

When a particle moves under a central force, the areal velocity is constant.
Where areal velocity is the rate at which area is swept out by a particle as it

moves along d curve.



¢y aluing & Uy

-F =ma
_F=m[(F—ré)lF+(2fé+r§)§] é | .‘ g
=M(F-r€2)ﬁ+l(2#é+r1§)§] g \
. _
-F = m[(F—réz)F+li(r9)s] ‘ d I'
rdi
-Fr-F,s=......

= r’@ =constant = h
AA = Area of OPO = Area of OPR

=%OQxPR

= %(r + Ar)rsin A8
1

= —(r: sin A@ + r. Arsin 13.9)
2
ﬂ:l[rzﬁ.fr&r_é_g.]
At 2 At At
1o having limit as At 50 Ar>50, A@->0
E—lr:9+r.9.ﬂ
At
=lr1f;'
2
>

= h is equal to twice the Areal speed.

Lecture (36)

Differential Equation of the Orbital in Pedal Form




As we know the differential equation of the orbit of a particle in polar form is

d’u i (i
75 PR RS
1, (duY . o .
Also, we have — =u"+| —| Differentiating witr. '9',
p \dé
£ a3
-2p'].‘—fﬁ=2u.£+2[du) L
6 " do "\ deo )\ a6’
| dp du du d’u
S U— ot — —
p do d6 do deo-
| dp du du d’u
or ——3- : —. u+__1
p’ d6'de do\  de
| dp d’u : -
D -———=—+u using equation (i)
p du do’
1l dp_ F
p du hu
- l]‘dp1dr= :E, .................. (ﬁ) But r=l:>!l=l
p dr du hu r
dr | :
D —=—— =y
du u’
Equation (ii)becomes —Lj_d—‘t}-_(—rz)= F
p dr B2 l
7
2
- h dp_
p’ dr

This is the differential equation of the orbit of a particle in pedal form.

Lecture (37)

Apse and Apsidal Distance

Apse:

An apse is a point on an orbit at which the tangent to the orbit is perpendicular

to the radius

vector drawn from the centre of force. An apse is shown in the figure.



Apsidal Distance:

The distance of an apse from the centre of force is called apsidal distance.

Apse line:

The line joining an apse to the centre of force is called apse line.

Apsidal Angle:

The angle between two consecutive apse line is called an apsidal angle.

The Condition for An Apse:

As we know that the angle ¢ between the tangent to the orbit at a point
P(r.6)

and radius vector r is given by tang = r?,ﬁ;r an apse, ¢ = £
r

So, Z= rﬁ —Soo=r i
dr dr
| dr
—) — — =
r dé
dr < : i
So, o 0.4 N (i) is the required codition
Also, r= l
b,
dr | du
= — = —
do u- do
| du
Equation (i) becomes — — — =)
¢ (7) . do
So, = N (ii)

equation (i) and (ii) are the required conditions.

Lecture (38)

Classification of Orbits in Term of Energy




Theorem:
Show that the orbit described by the planet around sun is a conic.

The planet will described an ellipse, a parabola or a hyperbola according as

total energy per unit area is negative , zero or positive.

Proof:

We consider the motion of the planet round the sun and the force is governed

by Newton’s Law of Gravitation. If ‘M’ and ‘m’ are the mass of sun and the

planet then they attract each other with a force MmG/r’ where G is constant

of gravitation. Take the sun as the pole, the differential equation of the orbit is



h’#:(ﬂ+u]=pxiz MmG = s

u—£=AcmH+BsinE

hl
u—% =Ccos6.cos8 +Csiné. sinf

u=h£1+Cms(B-ﬂ.)
6. =0

u=:—z+(‘cusﬂ u

~ | —

l=£, I+£cusﬂ
r h H

| K )
£=I+Ecﬂsﬂ ...................... (2)
r H

Total Energy=KE+ P.E
E=T+V

|'=-‘|.F(ryir

=-I--;i:dr

Lecture (39)



Kepler's Laws of Planetary Motion

1) Each plant describes an ellipse with sun as focus.
2) The areal speed of the radius vector in any orbit is constant.

3) The square of time period for describing the whole orbit is proportional to

the

cube of the major axis of this orbit.

1ST LAW OFKEPLER’S

Each planet describes an ellipse with sun as focus.

Proof:

:\ccurding to Ncmdn's law of gravitation if M and m denote the masses of sun

_ GMm
and planet respectively at a distance ‘r’ apart, they attract each other with a force™ T




. ' Ppp—— S o
So, the equation of the orbit of planet in polar form referred to sun as pole 1s 1

2 of(d’u ) GMm
mh-u (W uj - -
h: :(gil‘:. + ) = GM b, o I
- T . [skas) |
Let GM = pu ;
So, h:uz(gﬁl; +u| = pu’ |
1
i tu =W |
d?u )
or 402 + u—ﬁz = 0 ... (1) i
Let u— ‘EJ A T (11)
du _ dV d’u _d’V
B @ ~ de = a0~ dae’
. . d’'v
Equation (i) becomes a0 +V =0
d
—- (D1+1)V = 0 wher:D=EE
The auxiliary equationis n*+1 =0 = n==%i
So, V = C, CosO + C; SinO
Put C, = ACosa and C; = A sina (where A and a are constant)
V = A Cosa Cos + A Sina SinB |
— vV = A Cos(0 - a)
If we rotate the initial line about/through an angle a, the above equ
becomes vV = A CosO
-. Equation (ii) becomes u—17 = A Cos0
= uh’—p = Ah?CosO
or hu = Ah” CosO + pu
h’u Ah’ Cos0O
== TR = += l
M M
or h; - A rs0+

which represents an ellipse of the form % = e CosbD + 1

= — — —m— - o —— e — = - — —

where ¢ is sem;-

IalL"&'ectum and e 1s the eccentrnicity. Here
h? Ah?

_ £ =— and e=—"=A¢(

H‘M—mmm et O L -

Areal Velocity:

The area swept out by the radius vector per unit time of a particle movingin a
central orbit, is called the areal velocity of the particle.

2" LAW OF KEPLER’S:




The areal speed of the radius vector in any orbit is constant.

b r'l'ﬁe areal sbeed of the radius vector in any orbit is constang
roof:

Let the sun is located origin ‘O’ and ‘P’
be the position of the Planet at any time ‘1’ and

| - - 2 S
_ planetlsalpmntQandOQ= r+oér

—» - o5 5
PQ = r+8r-r
—» -

= PQ =61

Let A be the sectorial area OPQ.

l —>» —p
Now, 8A = 'Z*IOP x OQ|

- -

!
A = 'z'lrxﬁr Dividing both sides by 5t # 0, we get
-_’.
1|~ &¢ n 4
%— = 5| T *x75 | Taking limit 8t — 0,
I.....+ -
SA 1 or
. OA _ =| ¢ 25
5!'30 St EEIE{}ZI * 8t
—p
[ &r
dAf D ' 2L
ri¥e 1
[ -
dA 1 - dif B

.- a = 5lrx v St =y



dA 17 N P
= ™ - 2“-|| (r xv )
dA 1
S0, @ -
Sincehiscnnstam,so%isalsomnstnmi.t._ﬂwmmmbymmdms
yeclOf per unit ime remainsconstant,. N 4
3"° LAW OF KEPLER’S:

Square of the time period for describing whole orbit is proportional to the

cube of major axis of this orbit.

Proof:




3rd LAW OF KEPLER’S

. |

Square of the time period for describing whole orbit i
proportional to the cube of major axis of this orbit.

Proof: If a and b are semi axis of the elliptic orbit described by a planet the time fol

nab

one revolution=T = ared velocity

Example:

nab |

)

2
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3rd LAW OF KEPLER’S ———

Square of the time period for describing whole orbit i
proportional to the cube of major axis of this orbit.

Proof: If a and b are semi axis of the elliptic orbit described by a planet the time fal
" nab "

S xab |
one Tevolution = T ared velocity Y
> |
_2rab
h

bl
a

Now h? = pl, h =+Jpl, But/=

Example:
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. o =T

mnmt%“

Ex.;mple I: Show that the law of force towards the pole, of a Part;
icle

describing the curve r" = a" Cosn® is given by { = M,!mhi

Solution:
d
As we know = h*u’ (ﬁ+u} ............. (1)
Now, rr = a" Cosn@
= # = a" Cosn® ( r= i)
n _ 1
= ut =7 Secnb
Differentiating both sides w.r.t. ‘0°, nu™ 13_9‘& = ;" n (Sec nB tan nB)(n)
— :—; = #{Sm no tan nO)
or g:-; = ar::]n (Sec nBtan nb)
I .
But u' = 2 Secnf .......... (A)
du ]
So, o - (Sec ne)(Sec nod tan nb)
| a|'|
du
=5 @ - U tann@ ........... (1)
o, du  du 2
Differentiating again w.r.t. ‘0’, 40 = go 'an nO + u Sec’ nb (n)
. d’u
Using equatmn (n), do: ~ U tan nO . tan n® + un Sec’ nd
. d’u 2 2
= 46 = u(tan°nO +n Sec* nh) .......... (1i1)
Put (iii) in equation (1),
f = hi? [u(tan® n® + n Sec? nB) + u]
- f =hzu3(tanzn9+n51:c3nﬁ+l)
= f = h’’ (Sec? nB + n Sec’ no)
= f = h*’(n+1)Sec? nd
uation (A), Sec nb = a'u"
me €q f hlu] (n + l) azn n

So,



SO,

Lecture (40, 41) include

Example of Orbital Motion), (Example of Orbital Motion ||

Example:




4. A particle of ypijy
central force My

) » Where V is the veloci
that instant ang 5 v
solution: » D are semi-axis of ellipse.

Since, the particle of un;
unit mass : ;
jorce Mr. So the equation of js orbit is —— eltpse under the action of central

(dzu
2
Wl (G +u) = me

7 42
= hluz -d_'l!l“FU) -—T— (.‘.r=l)
u

du
40"

2 d du du
. (rﬁﬁﬁf * 2"36) = 2Mu” do [Integrating both sides,

= hz(dz“+ M _ '
:1-91 u i Mulupiyingbothsidcsby..

2
SO, ?
h:
>
N P 2,2
_ ., @b .

Now, pedal equation of ellipsc 18 - :

th equation (11), we have

Comparing equation (1) *’lhz cC. M

T a+b |

B o= Ma'b’ (iif)
ot = h
Now VE o
, V? p’ = h ‘ | | )

& vip! = Ma'd’ [using equation (11)]
—



Example:

» _ Ma’d’
= P = 2

Now, for ellipse, we have .
a’b’

p =

The normal component of mlmtlgn IS
VvV

v}
SO, ' a, = lbzb; ......... (i\')
Ma .
Nuw' pl - V! (Tﬂhngsq‘mm)
M”ab
= P = v (Taking cube)
n 3
- _ Mvn”b
2 2 33
Put this value in equation (iv), a, = ;'}"1 M st
abM*?
Hence, 8 = Ty —asrequired.
—_—— R ————— e OSSN




Q.10. A planet is describing an elllp;e about the sun as focus. Show
that its velocity away from the sun is greatest when the radius
vector to the planet is at right angles to the major axis of the

path, and thatltthells.r:T:::i,whmhth major axis, e the

eccentricity and T is the periodic time.
Solution:

Since the orbit of the planet is an ellipse with force center at one of the foci, so
its equation is |

4 L_
= 17 eCosd or 1 +eCosb
= r = {1+ e Cosb)”
- % = —8(1 + ¢ Cos0)™ (~¢ Sind)
dr _ elSind
do (l-l-eCaﬂ? .
& _dr 98
Now, ad " do’




§
a8
n
Q.
4
2

=31
.
5
.
;}:

i

g v

E

28 g5 B
g
=

g

£

gIg
i
L

2 2
Also, t = :—’ ¢ = H=c
t =a(l-¢).......... (iii)
Put (ii), (iii) values in eqhation (i), we get
(g)m - e 2na’? 1
dt T ';;a(l—ej)
& 2nac _
=> Tmasmqmmd.

Lecture (42)




Direct Collision:

Two bodies are said to be Impinge (collide) directly when the direction of each

is along

the common normal at the point of contact.

Oblique Collision:

When the direction of motion either or both is not along the common normal.
This impact is said to be oblique.

Elastic Collision:

In an Elastic collision K.E is the same before and after collision.

Inelastic Collision:

If the K.E. before and after collision is not same then the collision is said to be

inelastic collision.

Newton’s Law Experimental View or Newton’s Law of Restitution

Case a:




CASE a: When two bodies im ental View or Newton’s Law of Restitution

conatant valio 10 their velat pinge directly, their relative velocity after impact is in a

Thus if néIr rewauve velocity before impact and is in the opposite direction
us if the velocities of two impinging bodies be u, v’ |

before impact and v, V' after impact, them v-v .. —>Uu —Uu

u-u’
negative and is equal to a constant quantity which 1s
independent of the masses m and m’ of the bodies. This
constant .quantity 1s denoted by “¢” is called the
—_—V —2V

modulus or coefficient of Elasticity or restitution or
resilience of the bodies

e i e il i T
- — - e -
el Doen

Motion Perpendicular to The Line of Impact:
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Motion Perpendicular To The Line of Impact: ,
When two smooth bodies impinges, there is no tangential action between them. The
action and reaction between them is entirely along the common normal. Therefore
there is no force perpendicular to the line of impact and consequently no change of;
velocity in that direction. : ~ . S
Hence the resolved parts of velocity of each body perpendicular to thecomonnorm:l:?i
i.e. along tangent at the point of contact before impact is equal to its resolved parts the |
impact thus in case b, we have; -
| usina = vsin®
| u'sinf = v'sing
' Law of Conservation of Linear Momentum:
| Whenhwnbodiuhnpinguﬂmmofﬂmirmommtmnlongtﬁeﬁneofi
. impact is same after impact as before;
" For case a: mv + m'v’ =mu +m'v’
‘ For case b: mvcos® + m'v’ cos$ = mucosa + m'u’ cosp

SR T R

Direct Collision Between A Particle And Fixed Barrier:

¢ ST T, CTAT
&

T = er = = = — i = '___—____

Direct Collision Between A Particle And Fixed Barrier:

Let a particle of mass ‘m’ is moving with a
velocity ‘u’ and it collides with a fixed barrier let v
js the velocity after impact. Let the barrier supply
impulse on the body which reversed its motion.

Then impulse is given by;
| = mv - m(-u) =mv+mu
I =m(vHa)...connnnen (i)
Tbclossincnergycanbemahzedbyumng
newton’s law of restitution.
vgo - =
— = —u-0 -u
v - _
e | :E o v =CQ

dimﬂymamoothplmlhmbomdsmcmmw

Hence the sphere impinges

Lecture (43)

Damped Harmonic Oscillator




The Harmonic Oscillator:

A mathematical model describing problems of oscillations in the form of

rectilinear simple

Harmonic motion is usually called for Harmonic oscillator e.g. simple pendulum

Damped Harmonic Oscillator:

When some sort of velocity dependent retarding (or damping) force, due to

resistance of the

medium or some other possible cause is ordinary present when the damping

force is taken into account. The harmonic oscillator is termed as the Damped

Harmonic Oscillator.

Damped Oscillation under the Damping Force Proportional ( to the 1* power
of ) Velocity:

Suppose a particle of mass m is moving along the x-axis having fixed origin O.

Let P be the

position of the particle at time t from O. The forces acting on the particle are



(i) a restorative force — mw’xi and
(ii) a damping force —mkxi, where k is+ve constant

The equation of motion is mXi = —mw”xi — mkxi

or +hkx+wx=0._..... (i)
set D= d > (1) becomes
dt

(D* +kD+w)x=0
if k=0and w0, this gives SHM_. if k+#0 then the awxiliary equation is

~k+\k*—4w> -k |k’ :
Hence p= v L. TN -
2 2 4
Now we discuss the three cases for the solution of different equation according as
2

the disc = %-wz <0

Case |:
.
whenk——w" <0
£_w2 o
4
k
=——+n
P="3

Therefore the general solution of different equation is
i .
x=e? [C, cos nt+ C, sin nt]

put C, =acosa, where C,,C,,a,a are constant we get

-k
=i :
Xx=ae? [sinacosnt+cosasinnt]
-k

x=ae? sin(at+a).............. (#7) as t »>o,x—>0
Case ll:

when k: ~w' >0 Let k —-w? =17

p=—;ii

——+4 |t f'—ﬂ]‘
Therefore the equation is x = Ae[ ? ] +Be

as t >, x—>0



Case lll:

kI
when——w* =0 fhf‘:‘ﬂp=—£,—£ Le!£=w
4 2 2

pP=-W,—W
The solution of different equation is
x=(A+Bt)e™ ast—>x,x—>0

Lecture (44)

Damped Forced Oscillations

Damped For;ed Osciliationi:
In order to overcome the damping effect of a medium an applied force cajjeg

driving force is generally applied, In such a case the system is called damped forceq

oscillator.
The applied force 15 usually a periodic force, In addition to the restorative force

and damping force. Let we apply a force mFcospt, (F and p being constants) acting in
the direction of increasing X

Then equation of motion is mXx = ~mw’x — mkx +mF cospt  dividing by m

x + kx +w’x = F cospt

X (D +kD+w?)x = Fcospt..........(1)

The solution of this Differentiate equation consists of two parts the
complementary function and the particular integral -solution. First we find the
complimentary solution of (D* + kD + w)x =0

In the above three cases we see that the complimentary function decay wit
time. For this reason this part of the solution is called the transcent solution. The
particular integral on the other hand generally does not dieout, therefore the ultimate

. motion of the system depends upon that part of the solution which is called the steady
i state solution:



w? — p)-kD t
- F wzi’p’;-{?-p;); _
F - cogn+ sinpt]
'_(_(&%-p)ﬂ%

Lﬂu=simc.g- cosa RZ = (W -p?) +K'P

R R
_ ELRsn}um_ggtﬁ-;R_gm sinpt]
= 'E':[lilsinucnspt+llmsimt]
= %Sin(a+pt)isﬂlesteadysml'.=solutim
¢ steady state which is periodic function (of time) will not decay with time. |

: F .F
mplitude of the stcady state is_Wi_“_llﬂ ‘ —and R

Lecture (45)

Vertical Motion with air Resistance

Case I: Vertically downward Motion:




317

DAMPED AND FORCED
OSCILLATOR
RESISTED MOTION

AIR RESISTANCE PROPORTION TO THE SQUARE OF THE

VELOCITY

1: Vertically downward Motion:

.; To discuss the motion of a particle of mass m released from rest al an initial
ight above the ground, The resistance of air is assumed to be proportional

o the square of velocity. i
Let x be the distance fallen through in time t, with air retardation

fmotionis mv g—: = mg - mAv- divide by m both side
!'t dv "
Vio = B-AV
dx e I
dv _ L(E vz) o
Y dx ) .
Ll:t§=l|:I —- vg—:‘ = Z.(kz-\'z):l ......... (i{ |
. : mg |
Separate the variable and integrating .i
—:'—‘;kva = A Jdx |
1 (—2vdv '
2)k-v" Ax +C
_% In (]g2 -vY) = Ax+C, Where C is constant of integration
Initially when t =0, x =0, '; =L
_ 1,02
Putting these values in (i) we get C = —Ink

2
Hence —%In (k- V') = Ax "5’"]‘



V=Kl -¢)....... (ii)
This equation gives us vr.loc:ty in terms of x.
Again use the expression for acceleration.

% = A (k’ -—v’)agam separate the variables and integrating

Iﬁ-xfdt.

l l_.,-

anh o At+D
Initially when t =0, v =0

i’m h' (0= M0)+D° = D = 0 putinabove

'!- *I!- -I!“- =‘E’ =
klmhkuamhk—lhButk’ y = A ﬁ

. mhf = v mnn(f-) this gives 'V' in terms’t’

vi= k‘mh’({!) BTSN ()
Now we find the relation between x and t from (ii) and-(ii1) by companng.

k’ mh’(%] = ki(1 - e Y

a2 (iﬁ) i | g



e *** = 1 - tanh? (Sl)

Ax = €n cbsh (%)

1 A INEN
= X = 1IHCOSh(k) ButA = &: = A
2
X =k—lncosh %)

L |
-

Case ll: Vertically Upward Motion




dv

of motion ismv g =

dv

vdx S
dv
V dx

k®+v

J’ 2vdv
--q-——'-!'

ally upward Motion:
Now we discuss the motions of a particle of mass m projected vertically upward

w~ith an initial velocity v, and air resistance proportional to the square of the velocity.
Let x be the height attained by the particle in time t. the equation

-mg - mAv’Divide by m

—g- AV = —1(§+VI)LM§=L:‘

iiiiii

= -2 fdx

In(k® +V’) = “2Ax+ A

[nitially when 1

=ﬁ‘x=0.

A == Iﬂ' (k! + vﬂ:)

= 4 T a——

—




X = -—h —1*—‘:,'&1) e ()

Again (:) can be wrtten as

‘i‘;’ = -A (K’ +v") Separate the variables and integrating
J—{—Vz = —A f dt

V

Etan‘ y = -At+B

Att=0,v=yv,,

1 v
B =jtan"
Above become

an” ¥-tany = Ak Buta=3%

an 3t gy
tan"i“—tan"%=% .......................... (1)
e

-

vV = Icmn(tan“'l"'i2 —%]

dx

= = k tan (tan"i' Yo _ EE) Separate the variable and integrati

;fdx c fuofn 3 - B



-

X '=—klncos(m‘132 _2t :!')+C

k k g
X = !3’ ( '-l.‘_rl E!
el e kz_kJ+C
att=0.x-0,soC=—kElncos(tan“'i')
above become
k? K
X = E‘lncos(tan"i' —%)—Elncos(tan" EE“)
aYe gt
K2 m(‘“" k ‘k)
=y | —————— L s (l\f)
g cm(ian"zk“)

[Equation (ji), (iii) and (iv) determine the motion. _ __ _.

Best of luck & Pray for me



