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QUESTION 1

Let ¢: G - G' be a group morphism. Then, ¢ is
injective if and only if Ker ¢ = {e}.

Proof :

If Ker(d) = {e}, then for every a € G, the elements
mapped into ¢(a) are precisely the elements of the left
coset a { e} ={a}, which shows that ¢ is one to one.

Conversely, suppose ¢ is one to one. Now, we know that
¢(e)=e’, the identity element of G'. Since ¢ is one to
one, we see that e is the only element mapped into e’

by ¢, so Ker(¢)= {e}.
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QUESTION 2

A homomorphism h: G=G' is injective if and only if Ker h={e}

Proof:

Suppose h is injective, and let x € Ker h.
Then h(x)=e'=h(e). Hence x=e.
Conversely, suppose Ker h={e}.

Then h(x)=h(y)

=h(xy )= h(x)h(y")
—h(x)h(y) =g

=Xy 'e Ker h

-1
=Xy =e

=X=Y.
Hence, h is injective.




QUESTION 3

Classify the group (Z.:Z:l /({0)x 2?] according to the

fundamental theorem of finitely generated abelian
groups.

Solution :
The projection map

n: z‘uzl-z‘ given by ﬂl{t.ﬂ = x is @ homomorphism
of Z‘IZJ onto Z‘I with kernel {0}:21* By fundamental

theorem of homomorphism, we know that the given
factor group is isomorphic to I‘.

The projection map

e z‘:zl-z.l given by
11'(:,?) = X,
K=Ker nl=[0]ﬂ:

={(0,0),(0,1)}.
(1,0)+K={(1,0).(1.,1)}
(2,0)+K={(2.0),(2,1)}
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QUESTION 4

The set of all inner automorphisms of G is a subgroup of Aut(G).

Proof:

(1) Let i;' ih € Inn (G).
Theni (i (x}) =a(i,(x})a =abxb a'

=abx[ab)d=ilh € Inn (G).

Hence the conjugation by b composed by conjugation
by a is conjugation by ab.

-1
(2) The inverse of i. is conjugation by a'=a .

i.((i'.l[x})=i‘(a'x[a')'1]=aa'xa'-la'l=aa*x[aa'}'I=x.

Thus Inn (G) is a subgroup.



QUESTION 5

A factor group of a cyclic group is cyclic.

Proof:

Let G be cyclic with generator a, and let N be a normal
subgroup of G. We claim the coset aN generates G/ N.
We must compute all powers of aN. But this amounts to
computing, in G, all powers of the representative a and
all these powers give all elements in G. Hence the
powers of aN certainly give all cosets of N and G/ N is
cyclic.



QUESTION 6

Here the first factor Za of Zd X ZG is left alone. The Zs

factor, on the other hand, is essentially collapsed by a
subgroup of order 3, giving a factor group in the second
factor of order 2 that must be isomorphic to Zz. Thus

(Zd X zﬁ)/((o, 2)) is isomorphic to Z‘l X Zz.The trivial
subgroup N = {0} of Z is, of course, a normal subgroup.
Compute Z /{0}.

Solution:

Since N={0} has only one element, every coset of N has
only one element. That is, the cosets are of the form
{m} for m € Z. There is no collapsing at all, and
consequently, Z /{0} = Z. Each m € Z is simply renamed
{m} in Z /{0}.



QUESTION 7

Let G=H x K be the direct product of groups H and K.
Then H={(h, e)| h € H}is a normal subgroup of G. Also
G/H is isomorphic to K in a natural way. Similarly, G /
K = H in a natural way.

Proof

Consider the map T H x K = K given by
th(h, k) = k. The map T is homomorphism since
“z(h1hz'k1kzl=k1kz= T[I(hl'kl) ﬂz(hz’kz)‘

Because Ker(m ) = H, we see that H is a normal
subgroup of H x K. Because L is onto K, Fundamental
Theorem of Homomorphism tells us that (H x K)/ H = K.




QUESTION 8

The cyclic group G=Z/5Z of congruence classes
modulo 5 is simple.

Proof

If H is a subgroup of this group, its order must be
a divisor of the order of G which is 5.

Since 5 is prime, its only divisors are 1 and 5, so
either His G, or H is the trivial group.
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QUESTION 9

M is a maximal normal subgroup of G if and only if G / M is simple.

RO S Jgroup oG Tandony HO T B simel

Let M be a maximal normal subgroup of G. Consider

Proof :

the canonical homomorphism y: G=G/M. Now y : of
any nontrivial proper normal subgroup of G/M is a
proper normal subgroup of G properly containing M.
But M is maximal, so this can not happen. Thus G/M is
simple.

Conversely, if N is a normal subgroup of G properly
containing M, then y[N] is normal in G/M. If also N=G,
then y[N]#G/M and y[N]# {M}.

Thus, if G/M is simple so that no such y[N] can exist, no
such N can exist, and M is maximal.
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QUESTION 10

Show that Z( G) is a normal and an abelian subgroup of G.

Solution :

-1 -1
For each g € G and z€Z(G) we have gzg =2gg =ze=z,

we see at once that Z(G) is a normal subgroup of G. It
implies that gz=zg for g € G and z€Z(G). If G is abelian,
then Z(G) = G; in this case, the center is not useful.
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QUESTION 11

-1 -
Let G be a group. The set of all commutators aba b
a, b € G generates a subgroup C of G.

Proof:

Let 3, b € G. Then,

-1 g -1 <}
(aba b )(aba b )

1 -1 1 -1
=aba b bab a

=e€ (C

1

] -
e iIsacommutator.

since e = eee

1

for



QUESTION 12

The Klein 4-group V = {e, 3, b, c} is generated.

Proof:

The Klein 4-group V = {e, 3, b, c} is generated by {a,b
since ab=c.

It is also generated by {a,c}, {b,c }, and {3,b,c}.

If a group G is generated by a subset S, then every
subset of G containing S generates G.




QUESTION 13

The group ZB is generated.

Proof:

The group ZB is generated by {1} and {5}.It is also

generated by {2,3} since 2+3=5, so that any subgroup
containing 2 and 3 must contain 5 and must therefore
be ZE. It is also generated by {3,4}, {2,3,4}, {1,3}, and

{3,5}. But it is not generated by {2, 4} since
<2>={0, 2, 4} contains 2 and 4.




QUESTION 14

If N is a normal subgroup of G, then G/N is abelian if
and only if CEN.

If N is a normal subgroup of G and G/N is abelian, then
1 -1 -1 -1 SR |
(a N)(b N)=(b N)(a N); thatis, aba b N=N,

SO anl:::a.uinlail € N, andC<N.
Finally, if C < N, then
(aN)(bN)=abN

—ab(b a ba)N

- (abb 2 )baN
= baN
= (bN)(aN).




QUESTION 15

The set Aut(G) of all automorphisms of agroup G is a
group under composition of mappings, and Inn(G) <
Aut(G). Moreover, G/Z(G)=Inn(G).

Proof:

Clearly, Aut(G) is nonempty. Let o,t € Aut(G). Then
for allx, y € G, at(xy)=0 ((t(x) tly)) = (oT(x))(oT(y)).

Hence, ot € Aut(G). Again,
oo™ (x)o™ (y))=

oo~ (x)ao"(y)

=XY.

Hence o~ (x)a™!(y)=
a~Y(xy). Therefore, ™! €
Aut(G). This proves that Aut(

G) is a subgroup of the
symmetric group Sﬁand,

hence, isitself a group.
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QUESTION 16

Let G be a finite abelian group of order n, and let m be
a positive integer relative prime to n. Then the

m

mapping o: x— x is an automorphism of G.
Solution:
(m,n) = 1 = there exist integers u and v such that mu

mu+ny mu nvy um .
+nv=1=forallx € @G, x =X X =X since o(G)=n.
Now for all x € G, x=(x ) implies that
o is onto. Further,

= mu . .
X =e= X = e = X = e, showing that ois 1-1.

That o is a homomorphism follows from the fact that
G is abelian. Hence, o is an automorphism of G.



QUESTION 17

n
Let G = <a|a =e> be a finite cyclic group of order n. Then

m

the mapping o : a— a is an automorphism of G iff (m,n)
m n/d n m/d
= 1.Further, if (m,n)=d,then(a ) =(a) =e. Thus, the

order of an divides n/d; that is, n|n/d. Hence, d = 1,
and the solution is complete.Let X be a G-set. Then G. is

a subgroup of G foreachx € X.
Proof:
Letx € X and let 8, gJEG_. Then B X=X and B X=X.
Consequently, {glgl}:::gl(glx):glx:x, SO gIgJEG ,and G
is closed under the induced operation of G. Of course

.1 .
ex=x, so eEG.. If gEGl, then gx = x, so x=ex=(g g)x=g

1 -1 1
(gx)=g x, and consequentlyg €G .ThusG isa
subgroup of G.




QUESTION 18

Let X be a G-set. For X, xze)(, let X ~X, if and only if
there exists g€EG such that BX =X . Then ~ is an
equivalence relation on X.

Proof:

For each x€X, we have ex=x, so x~x and ~ is reflexive.
1

Suppose X ~ X,SOBX =X for some g€G. Then g. X =8
1 -1

(gxl) =(g g)xl=ex1=x1, S0 X, ~X , and ~ is
symmetric.Finally, if X ~X and X ~X., then B X =X, and
B,X =X, for some - gZEG. Then (gzgl)xl= 32(31"1]:
g X =X_, SO X ~X_ and ~ is transitive.

22 3 1 3




QUESTION 19
If N is a normal subgroup of G, and if H is any subgroup
of G, then

HV N=HN=NH. Furthermore, if H is also normal in G,
then HN is normal in G.

Proof:
We show that HN is a subgroup of G, from which

H V N=HN follows at once. Let h:' hJEH and n. nIEN*
Since N is a normal subgroup, we have "1h;=h:"1 for
somen EN.Then(hn )hn)=h(nh)n=h(hn)n-=

) | 11 d 2 1 1 2 2 1 2 Y 2
(hlh}](n]nz)EHN, s0 HN is closed under the induced
operation in G. Clearly e=ee is in HN. For hEH and nEN,

1 1 1 .1
we have (hn) =n h =h n_for some n €N, sinceNisa

1
normal subgroup. Thus (hn) €HN, so HN <G.

A similar argument shows that NH is a subgroup, so
NH=H V N=HN.

Now suppose that His also normalin G, and leth € H,
nE N, andg € G. Then

1 1 1
ghng =(ghg )(gng JEHN, so HN is indeed normal in G.



QUESTION 20

Let G be a group such that for some fixed integer n >1,
(ab)n =anbn for all a, bEG. Let Gn=[aEG Ian=e} and Gﬂ=(a"

|a€G}. Then G <G, G <G, and G/G =G .

Solution:

Let a, bEGn and x€G. Then (ab'l)"=an(bn)'l=e, SO ab‘IE
Gn. Also, (:uc::mtm)m=(:-:.zm-1)...(:-&!;:-ﬂ)=:-t.':|m:t'l =e implies xax

1
EGH. Hence, Gn-aG.

n n-l -1n n
Leta, b, x€EG.Thena (b ) =(ab ) €G.

n -1 -1 -1 -1n n
Also, xa x =(xax )..[xax )=(xax ) €G . Therefore,
G <G.




QUESTION 21

Third Isomorphism Theorem

Let H and K be normal subgroups of a group G with
K<H. Then G/H=(G/K)/(H/K).

Proof:

Let ¢:G—(G/K)/(H/K) be given by ¢(a)= (aK)(H/K) for a
€ G. Clearly ¢ is onto (G/ K)/(H/ K), and for a, bEG,
¢(ab)=[(ab)K](H/K)

=[(aK)(bK)](H/K)
= [(aK)(H / K)J[(bK)(H / K)]=¢(a) $(b), sopisa

homomorphism.
The kernel consists of those x € G such that ¢(x)=H/K.

These x are just the elements of H.

Then first isomorphism theorem shows that
G/H=(G/K)/(H/K).



QUESTION 22

Let G be a group of order pn and let X be a finite G-set.
Then

X = IX| (mod p).

Proof:

Recall |X|= IXG]+ ) 3. PN |Gx;|.In the notation of above
Equation,

we know that

IGx.I divides |G].

Consequently p divides |Gxi| fors + 1<i<r. Above
equation then shows that |X]|- |xG| is divisible by p, so
IXI=[X_ | (modp).




QUESTION 23

Let H be a p-subgroup of a finite group G. Then
(N[H]:H)=(G:H) (mod p).

Proof:

Let L be the set of left cosets of Hin G, and let H act on
L by left translastion, so that h(xH) = (hx)H. Then

L becomes an H-set. Note that | L|=(G:H). Let us
determine .L'H, that is, those left cosets that are fixed

under action by all elements of H. Now xH= h(xH) if and
.1 -1
only if H=x hxH, orif and only if x hx € H.

Thus xH=h(xH) for all heH if and only if x'lhx

-1 -1 -1 ‘1
=x h(x ) €H for all h€H, or if and only if x €N[H], or if
and only if x€N[H]. Thus the left cosets in LH are those

contained in N[H]. The number of such cosets is
(N[H]:H), so ]£H|= (N[H]:H).

Since H is a p-group, it has order a power of p. Then
L] = |LH| (mod p), thatis, (G:H) = (N[H]:H) (mod p).




QUESTION 24

Second Sylow Theorem

Let P1 and P2 be Sylow p-subgroups of a finite group G.
Then P: and P2 are conjugate subgroups of G.

Proof:

Here we will let one of the subgroups act on left cosets
of the other. Let £ be the collection of left cosets of P1'

and let Pz acton L by Z(KPI)':(ZK]PI for zEPz. Then Lis a
P -set. We have |Lp,| = |£| (mod p), and | £]=(G:P ) is
not divisible by p, so | Lp, | #0. Let xP1 € Lp,.

1
Then ZKP1=!P1 for all zEPz, SO X ZJ(P1=P1 for all zEPz.

.1 -1
Thus x z:n:EP'1 for all zEPI, SO X PIxEPI. Since |P1|=|P2|,

1
we must have P1=x sz’ SO P1 and PI are indeed

conjugate subgroups.




QUESTION 25

The center of a finite nontrivial p-group G is nontrivial.

Proof:

We have |G|=c+n +...+n , where n is the number of
r |

c+l
elements in the ith orbit of G under conjugation by

itself.

For G, each n divides |G| for c+1<i<r, so p divides
each n, and p divides |G|. Therefore p divides c. Now

e€Z(G), so c=1. Therefore c=p, and there exists some
a€Z(G) where a+e.
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QUESTION 26

2
For a prime number p, every group G of order p is
abelian.

Proof:

If G is not cyclic, then every element except e must be of
order p.

Let a be such an element. Then the cyclic subgroup <a>

of order p does not exhaust G. Also let bEG with b€<a>.
Then <a>N<b>={e}, since an element ¢ in <a>N<b> with

c=e would generate both <a> and <b>, giving <a>=<b>,

contrary to construction.

From first Sylow theorem, <a> is normal in some

J
subgroup of order p of G, that is, normal in all of G.
Likewise <b> is normal in G.

Now <a> V <b> is a subgroup of G properly containing

2
<a> and of order dividing p . Hence <a> V <b> must be
all of G.

Thus the hypotheses of last lemma are satisfied, and G
is isomorphic to <a> x <b> and therefore abelian,
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