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- Distance Between Fuzzy Sets

Definition

Let X = {x1. X2, .... Xn} be a discourse set, the fuzzy sets (FSs)
Aon X is represented in terms of a functions m: X — [0, 1]
such as

A4

A = {(x;, ma(X;)) |x; € X},

where ma(x;) is called a membership function and always
bounded in the closed interval [0,

ﬁ'wy B 27 & ¢t

Fuzzy Logic Applications

Distance Between Fuzzy Sets

Let Aand B be two FSs on X = {X1. Xz. .... X5}, then the most
widely used distances for FSs are:
(1) Euclidean distance dg(A, B)

$Z (ma(x;) — mp(x;))?

(2) Normalized Euclidean distance dZ(A, B)
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8- (3) Hamming distance

dh(A, B) = > Ima(x;) — mg(xi)| >
1=

Activate Windows

B 7 ¢

n
dn(A. B) = |ma(x;) — ma(x)|
i=1
(4) Normalized Hamming distance d”(A. B)

d"(A,B) = %

> 1|ma(xi) — ma(x;)|
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- Suppose that A = (1.0); B= (0.1); L= (1.%);M = (il %);
i - N = (1.2) are FSs on X = {1}, then the geometrical
s representation of these sets is shown in the diagram below:
B(0,1)
; 2l N ‘
! H\\M

ow Help

he Tools Fuzzy logic Slides.pdf X Q@
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Page Thumbnails X Fuzzy Logic Applications

Example 2.

Example 2. Find and plot the Hamming distance dj(A. B)
between tow fuzzy sets A and B on the discourse set

X ={1,2,8.4}, such that A= {(1,0.5),(2.1),(3.0.3)} and
B={(2.0.4),(3,0.4),(4.1)}.

Figure: Fuzzy sets A and B

+
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- Example 2.

First we find the difference between generating values, that is,
[1-2|=1,1-3|=2,]1-4|=8,]2-2|=0,|]2-3| =
1,]2—4|=2,13-2|=1,|3—-3|=0and |3—4| =1, we get the
generating values (0.1.2.3).
! Now the Hamming distance with generating value 0 is
evaluated as: dy(2.2) = [1 — 0.4| = 0.6 and
dp(3.3) = 0.3 —0.4| =0.1.
The Hamming distance with generating value 1 is evaluated as:
dp(1,2) = 0.5 —0.4| = 0.1, dy(2,3) = |1 — 0.4| = 0.6 and
h(3,4) =0.3—-1|=0.7,

A4
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=- Distance between two fuzzy sets by using max and

min operations

d(A, B) = max[min(ma(x;). mg(xi))]

« Consider the X = {1,2,3, 4}, such that ‘
A=1{(1.0.5),(2.1),(3.0.3)} and B = {(2,0.4).(3,0.4). (4,1)}.

Table: Distance between fuzzy sets A and B.

min(ma(x;). mg(X;)) | max[min(ma(x;). mg(X;))]
0.4 0.4

ma(X;) | ma(X;
1.0 0.4

03 04 03
05 0.4 04

o|al
) =0 rofe
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d(A. B) = max[min(ma(x;). mg(x;))]

Consider the X = {1,2. 3.4}, such that
A={(1.0.5).(2,1).(8.0.3)} and B = {(2.0.4).(3,0.4).(4.1)}.

Table: Distance between fuzzy sets A and B.

J-
4 d [ xa [ xg [ malx) [ mg(x;) mm(mA(x ) mg(x;)) | max[min(ma(x;;: mg(x;))] .
0 2 2 1.0 0.4 0.4
3 3 0.3 04 O 3
1 1 2 0.5 0.4 0.4
2 3 1.0 0.4 0.4 0.4
3 2 0.3 0.4 0.3 -
3 4 0.3 1.0 0.3 -
2 1 3 0.5 0.4 0.4 1.0
2 4 1.0 1.0 1.0 -

Therefore, d(A,.B) =0.4+0.4+1.0=1.8.

Fuzzy logic Slides.pdf %
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Fuzzy Logic Applications

Properties of Distance

Theorem

Let X = {x1,Xo, ..., Xn} be a universe set, then d(A, B), the
distance measure between two FSs A and B satisfy the
following conditions:

(1):I0<d(A,B) <1;

(2): d(A,B) =0iffA= B;

(3) : d(A,B) = (B,A):

(4):d(A,C) > d(A.B) and d(A,C) > d(B, C), for any

A, B, C € FSs(X).




Fuzzy Logic Applications
Distance between two fuzzy sets by using max and
min operations

d(A, B) = max[min(ma(x;), mg(x;))]

Consider the X = {1,2,3,4}, such thatI

A={(1,0.5),(2,1),(3,0.3)} and B = {(2,0.4),(3,0.4), (4,1)}.

Table: Distance between fuzzy sets A and B.

>

IS
>

o

MA(X;) 7 min(ma (X;), Ma(X;)) | max{min(ma(x;), mg(x;))]
0.4

0 =l w o =
Bl & w |
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Example 1.

(3) Euclidean distance between M and N is:

e '
de(MN) = \/1”(5 - 5))2 - \/'(_6)2 - %

(4) Normalized Euclidean distlance between M and N is:
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Fuzzy Logic Applications

Extensions of Fuzzy Sets

+ Intuitionistic fuzzy sets (IFSs),
+ Picture Fuzzy Sets (PFSs).
+ Hesitant Fuzzy Sets (HFSs),

0 ®
Fuzzy Logic Applications

Intuitionistic fuzzy sets

An IFS Aon X is given below:

A= {< X, (pa(x),va(x)) > |x; € X},

where pa(x) : X — [0, 1]; and v4(x) : X — [0, 1] satisfied the
following condition, 0 < pa(x) +va(x) < 1,Vx € X.

The numbers pa(x), va(x) € [0, 1] denote the degree of
membership and non-membership of x to A, respectively.
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Fuzzy Logic  Applications

Some Operations on Intuitionistic fuzzy sets

x

Let A(pa(x).va(x)) and B(/IB( x),vg(x)) be two IFSs then,
1) A C Biff pa(x) g ) and v4(x) > vg(x)vx € X,
2) A= Biff pa(x) = ( )and va(x) = vg(x)¥x € X,
3)
AU B = {< x,max(pa(x),g(x)), min(ra(x),ve(x)) > |x € X},
4)
AN B = {< x,min(pa(x), na(x)), max(va(x),ve(x)) > |x € X},

® ® ©

Continued

5)Ae B={<

X, 1a(X) + ua(x) — pa(x) x ug(x),va(x) x vg(x)) > |x € X},
6) A B={<

;;M(X) x pg(X),va(X) +vp(x) —va(x) x vg(x) > |x € X},

A — B = {< x,min(pa(x),ve(x)), max(va(x), ps(x)) > |x € X},
8) A® = {< x, (va(x),na(x)) > |x € X}.

€ VULMS - Admin - Google Chro..
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i Suppose that A = (1,0); B= (0,1); L= (1.3);M = (1. 1); '
s N = (1.2) are FSs on X = {1}, then the geometrical

representation of these sets is shown in the diagram below:

Tools Wilber_Article.pdf Fuzzy logic Slides.pdf x
w8 Q ® ® @ u ases AR MO ® m- B F B 7 & D A
Page Thumbnails X Fuzzy Logic Applications
=- Distance between two IFSs.

Example 3.
Let us consider two IFSs Aand Bin X = {1.2,3,4.5.6.7}
such that,

13 A= (0.7,0.3)/1 + (0.2,0.8)/2 + (0.6, 0.4)/4 + (0.5, 0.5)/5 + (1,0)/6,

B =(0.2,0.8)/1 + (0.6,0.4)/4 + (0.8,0.2)/5 + (1,0)/7.

Find the Hamming distance between A and B.

Solution.

dn(A, B) = 3011 |ma(x;) — ma(xi)l,

dn(A. B) = Yo Ima(x;) — ma(x)].

dn(A,B) =
[0.7—0.2|+]0.3

0.8/+(0.2—0|+/0.8
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Page Thumbnals X Let us consider two IFSs Aand Bin X = {1.2.3.4.5,6,7}
- such that,

A = (0.7,0.3)/1 + (0.2, 0.8) /2 + (0.6, 0.4) /4 + (0.5, 0.5)/5 + (1,0)/6,

B = (0.2,0.8)/1 + (0.6,0.4)/4 + (0.8,0.2)/5 + (1,0)/7.
Find the Hamming distance between A and B.

Solution.
dn(A, B) = EL Hﬂu() mg(Xi)|,
dn(A. B) = -1y Ima(xi) — ma(x;)],
« dp(A, B) y

|0.7—-0.2|+|0.3—0.8|+|0.2—0|+|0.8—1|+]0.6 —0.6| + |0.4 —
0.4|+]0.5—0.8|+|0.5—0.2|+|1—0|+|0— 1|+|O—1|+|1—0|—6
The normalized Hamming distance is

dy(A.B) = nZ, 1 [ma(xi) — ma(xi)|,

df(A.B) = 7_086

Wilber_Article.pdf

w ® 8 Q ® ® swa | K MO @ - { T B L&D G =

Fuzzy Logic Applications

Fuzzy logic Slides.pdf X
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Continued

The Euclidean distance A and B

de A, B \/ZI 1 mA 1) mB(XI))
= (0.7,0.3)/1 + (0.2,0.8)/2 + (0.6, 0.4)/4 + (0.5,0.5)/5 k- (1,0)/6,
< B (0.2,0.8)/1 + (0.6, 0.4) /4 + (0.8, 0.2) /5 + (1,0)/7. s
do(A. B) = \/ S1_(ma(xi) — ms(x)))2,
do(A. )
V(0.7—0272+(03-082+ (02072 + ..+ (1-0F
SN D2l =2288"

The normalized Euclidean distance is
ﬂ A.D)==s4/) . (MalX;) — Mr(X;))=,

“Activate Windows
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Picture fuzzy sets

Let X = {xq, %o, ..., Xn} be a fixed set, a picture fuzzy set P on X
is defined as:

P = {(x, ap(x),7p(x), Be(X)) Ix € X},

where ap(x), Bp(x), vp(x) € [0, 1] are called the acceptance
membership, neutral and rejection membership degrees of

x € X to the set P, respectively and ap(x), vp(x) and Bp(x)
fulfil the condition: 0 < ap(x) + vp(x) + Bp(x) < 1, for all

x € X. Also np(x) =1 — ap(x) — vp(x) — Bp(x), then np(x) is
said to be a degree of refusal membership of x € X in P. For
our convenience, the picture fuzzy sets over a fixed set X is
written as PFSs(X).

=
NG 310PM
) &

L oo B

D ® © 27 @ox» UBOC)
Fuzzy Logic

Some operations on PFSs

Applications

Let A and B be two PFSs on X, then the union, intersection
and complement are described as follows:

(1) A C Biff aa(x) < as(x), y4(x) < v8(x) and B4(x) > Bs(X)
such that for all x € X;

(2) A=Biff ACBand B C A;

(8)AUB=

E(X}’ max(a4(x), a5 (X)), min(yA(x), 75(x)), min(B4(x), BA(X))|x €
(4) ANB=

{x, min(a.A(x), as(x)), min(y.(x), y8(x)), max(Ba(x), Ba(x))|x

(5) AC = {(x, BA(X), 1a(x), au(x)) x € X}.
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