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MTH301 Final term Solved Subjective

Question # 01.:

Rectangular co-ordinates of a point are (3, 3, —3\/§) .

a. Convert Rectangular co-ordinates to Spherical co-ordinates

b. Convert Rectangular co-ordinates to Cylindrical co-ordinates.

C. Verify your answer by converting back Rectangular co-ordinates from any one of these,
that is, either from Spherical co-ordinates or Cylindrical co-ordinates.

Solution:

Rectangular co-ordinates (X, Y, Z) to Spherical co-ordinates (p, 8, @)

,o=«/x2+y2+z2 =45
tanf=J -1 0=

z
X 4

_ Z _ ] _3\/§ _ =] __\/§
cos¢——\/m:¢—005 (—\/EJ—COS { j

T -1 —\/§
[JE,Z,COS (f)j
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Rectangular co-ordinates (X, Y, Z) to Cylindrical co-ordinates (r, 8, z)

=X +y? =18
tang=J-1=0="
X 4

7=-33
(8.2 545
Spherical co-ordinates (p, 8, ¢) to Rectangular co-ordinates (X, Y, z)

x=pSingCosf = J—

%IS

T

y=p SingSiné =J_ T

%I“u

2=pCos¢p=1/45. «/\/: -3J3

(3.3-3V3)

Cylindrical co-ordinates (r,#,Z) to Rectangular co-ordinates (X, Y, 2)
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X = rcose=\/1_8.Cos£:\/1_8.i=\/§:3
4 2

NA
y = rsin6?=\/1_8.i=3
J2

z7=2=-33

Rectangular Spherical Cylindrical

Co-ordinates Co-ordinates Co-ordinates

3,3,-3\3) 4 VBy 7 (\/1_7[—
T 45,Cos — 8,—,-3\3
ez | (]

Question # 02:

Describe the set of all points in xyz-coordinate system at which fis continuous.
f(x,y,2)=+10-x ylInz

Solution:
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f(x,y,2)=v10—-x yInz

D={(x,y,z):x<10,z >0}

Question # 03:

) NG
lim

(x,y)—(0,0) 3x2 2
By considering different path approach, find whether 3X°+2 y

exist or not.

(Note: In order to get full marks, do all necessary steps)

Solution:
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. x?
Iim > >
(x,y)—(0,0) 3X“ + 2y
put y = mx
2
) X
— Im
(x,mx)—(0,0) 3X2 —+ 2m2X2
2
) X
= Iim
2 2
(x,mx)—(0,0) ¥ (3—|— 2m )
1
3+2m°
. x°
Iim > >
(x,y)—>(0,0) 3X“ + 2y
puty = X
x> 1
= lim > = =
x—0 5X 5

Since along different paths we have different limits, hence the limit does not exist.

Question # 01 Marks = 10
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ow ow
Use chain rule to find — and 8_¢ if w=x>+ y2 + 2% where

X =rcosésin ¢
y =rcosécos¢g
z=rsing

Solution:

oW
To find—, using chain rule, we have
r

OW OWOX OwWdy Ow oz
=+ ——

o oxor oyer ozor

Substituting the values, we get

é_ivrv = (2x)(cos@sin @) + (2y)(cosé cosg) + (2z)(sin H)

Putting the values of x, y and z, it yields

é—a\:’\’ = 2rcos® @sin® ¢ + 2r cos® Acos’ ¢+ 2rsin’ @
= 2r[cos2 O(sin® ¢ + cos® ¢) +sin? 49]
= 2r(cos® 0 +sin’ 0)
=2r

- ow .
Similarly, fora—¢ , using chain rule, we get
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oW _ ow ox away ow dz.

0p oxop oy op oz op

Substituting the values, it becomes

?—Z = (2x)(rcos@cos @) — (2y)(r cosgsin ¢) +(22)(0)
Putting the values of x and v, it yields

MW _ 212 cos? Bsin $COSp — 2r? cos® A cosgsin ¢

=0

Question # 02 Marks = 10

Find the equation of tangent plane to the surface z =1In X2 + y2 at the point P(-1,0,0) .

Solution:

The given surface is Z = In /x* + y2 which can be written as

f(x,y,2)=Inyx*+y?> —z2=0-———— @
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Taking partial derivatives of eq.(1) with respect to x, y and z, we get

X
f =
X X2+y2
y
f =
y X2+y2
f,=-1

At P(-1,0,0), It becomes

f, (-1,0,0) = -1
f,(-10,0)=0
f,(-1,0,0)=-1

The general form of equation of tangent plane is

fx(xo! yo,zo)(x—x0)+ fy(XOl yoxzo)(y_ yo)+ fz(XOl yo,zo)(z— Zo) =0

which becomes

-(x+1)+0(y-0)-1(z-0)=0
X+z+1=0

which is the required equation of tangent plane.
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Question # 03 Marks = 05

Find the critical points of the function given as

f(x,y)=x*-3xy—y°
Solution:

The given functionis f(X,y) = x> —3xy —y®

Taking partial derivatives of the given function with respect to x and y, we get

f,=3x* -3y
f, =-3x—3y?

For the critical points, put f, = f, =0 which yields
X—y=0=x"=y ———— (1)
—X-y?=0=>Xx=-y® ————— )

Substituting eq. (2) in eq. (1), we get

y'-y=0=y(y’-1)=0 = y=0,y=1
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Substituting these values of y in eq. (2), we get

Xx=0, x=-1.

Thus, the required critical points are (0,0) and (-1,1)

(Note: In order to get full marks, do all necessary steps)

Question No: 1

If f(x,y)=x>+2y*—x%y, find the local extrema and saddle points of f .
Solution:

f(x,y)=x>+2y*-x’y

f, =2x-2xy

f,=4y-x’

For critical points

f,=0=2x-2xy = 2X(1-y)=0=x=0o0ry=1
f,=0=4y-x* =>x =4y ——————— - ——— Q)
Using x=0 in (1) we have y=0

(0,0) is critical point.

Using y=1 in (1) we have

X =4=x=142

(2,1) and (-2,1) are critical points.

Now we check on these three critical points for extremum.
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D= f,.f, —[f,]' =(2-2y)(4) - [-2x]

XX yy
For (0,00D=f_.f

xx*yy
f,=2>0

—[f,F=2(4)-0=8>0

So fis minimum at (0,0).

For 2,1)D="f _.f

xx*yy

~[f,F = (0)(4)~[-4] =-16 <0

So (2,1) is a saddle point.

For (-(2,1)D=f_.f

xx*lyy

~[1, 1 = (0)(4)~[4]' =-16 <0

So (-2,1) is a saddle point.

Question No: 2

a pya?-x?
Evaluate .[0 Io (X+ y)dydx ‘a>0

Solution:

vulmshelp.com




vulmshelp.com

joa joﬁ(m y)dydx

=[; oy + % L) ox

2

:J‘a(x»\/az—x2+a _Xz)dx
izj 2x/a? — x?dx +_j(a — x%)dx

1
—+1
1@-x)2 ., 1,, X..
= — + = _Z
SE 4 @
3 3
2 A2y2 2 2 3
1@y 1@-00 1, &
2 3 2 3 2 3
2 2

Question No: 3

N2z ox® Ly
Evaluate N _[0 sm;dydx

Solution:
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V2m ox® 0y
i IO sm;dydx

y
COS —
ey
«/7? 1 |O X
X

J2z
—Iﬁ (x—xcosx) dx
NPT 2z
= L/; xdx-_[ﬁ (x cos X)dx

X2 N 2z ;
:7|f [xsmx| g jsmxdx]

= [xsinx|2" - (-cosx)[\2" ]

2_”- 1 - [N27 siny27 - 7 sindx +cosy27z-cos\7 ]
:E_«/Zyz sin\/Zﬂ: + \/; Sin/ 7z - CoS+/27 +COS\/;

(Note: In order to get full marks, do all necessary steps)

Question No: 1 Marks =10

Evaluate the following integral by converting it to polar coordinates.

j4dA
1+x°+y
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where R is the sector in the first quadrant bounded by Yy =0 and y =X and X° + y2 =4,

Solution:

Given integral is

1
Nime ey

For conversion to polar coordinates, we have

2 2 2 1 _ 1
X“+y =r- - 5 = 5
1+x°+y° 1+r

f B=Tr/4

r ranges from 0 to 2
V4
0 ranges from 0 to Z

dA=rdrdé@

Thus, the integral in polar coordinates becomes

Tz 4
!!Hrzrdrd@

Multiplying and dividing by 2
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[By the rule of integrationJ.

(In5-In1)dé

A
__5de

- Lol

=|n_5[£_o]

_7r|n5
8

which is the required answer.

Question No: 2

Find the arc length of the curve

F(t)=(cos’t)i +(sin°t)j+2k  0<t< %

Solution:

The given position vector is
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F(t) = (cos* t)f +(sin®t) ] + 2K where 0<t< %

In parametric form,
3 i3
X=c0s’t, y=sint, z=2

:%z—Bcosztsint, ﬂ:SSinztcost, %=o
dt dt dt

The arc length of the curve is

S BETEE
JAUat ) "Uat) "dt

T

2
= I J9cos*tsin?t+9sin*tcos?t + 0 dt
0

T

2
= IJ9cosz sin®t(cos®t +sin’t) dt

0
%
:BJ costsintdt
0

| 3sin’t 7
12

0
_3 [sin2 Z _sin? 0}
2

2
_3
2

which is the required answer.

(Note: In order to get full marks, do all necessary steps)

Question # 1:

Evaluate the line integral
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I(ydx— x’dy), where C is the curve x=t, y:%t2 where 0<t < 2.

Solution:

J (ydx—xdy)

2

= [ ydx - x2dy
0
2
= [Etz—tz.t]dt
v 2
12 2
== [t*dt - [tdt
2
0 0
_E ﬁ|2 _E|2
2°3° 4°
_4
3
__8
3
Question # 2:

Use Green’s theorem to evaluate the integral (ﬁ ((x* = y)dx + xdy) , where C is the circle

x* +y® =4 and c is oriented counterclockwise.

Solution:
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b ((x* = y)dx+ xdy)

Using Green's Theorem.

P aQ
gCS Pdx+Qdy = —156 Gy~ 0y

P_ 4R

-1, ==1
oy OX

~§p(-1-1)dA
R
- 2<j:j> dA
2;R7:2
= ZI Irdrde
00
_4fdo
0

=8r

Question # 3:

If A=(x*—y?z%)i+(x* +y?)j—x*y*z%k, determine curl of A at the point (1,4,-3).

Solution:
i j k
curla=| 2 J 2
X oy 0z
x4 _ yzzz X2 4 yz —x3y323

CurlA=-3x’y?z® i+ (3x*y®z® —2y®z) j + (2x+2yz°®) k
CurlA=1296i-5088 ] + 74k at (1 4,-3)

Question No: 1 Marks =15
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Determine a half range cosine series to represent the function given by

f()=2t+3 O<t<?2
f(@)="f(t+4)

Solution:

To obtain a cosine series, i.e., a series with no sine term involved, we need an even function.
Therefore, we assume the wave form to be symmetric about y-axis.

Now, to find the expressions for the Fourier coefficient, we have

T/2
; I f (t)dt where T=4 is period of the given function.
0

412

4
= ! (2t +3)dt

a =

ZLZ+3t

2 0
={(2?+3(2)} - {(0)* +3(0)}
=4+6+0

=10

T2

a, :i j f (t) cos nwtdt
T 0

4/2

_4 j (2t + 3) cos nawtdt
4 0
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Integrating by parts, we get

. 2 2 -
in not in not
an:‘(2t+3)5 P [2 e
no |, 5 nw
. 2 2
sin nwt 2 |(-cosnwt
:‘(2”3) ot 2 |(-cosnat)
no |, nNo Nw 0

7sin nw?2 2
= —+ >

~[cosnw2-1]

Nw nN"w
. 2r
Since, ® = —=—
T 2
Therefore,

7sinnz 2
a =

cosnz -1
" ne  n‘e [ |
sinnz =0,
1 (niseven)
cosnrz = i
-1 (nis odd)
So,
0 (n is even)
a,=y -4 .
P (n isodd)
Thus,

a 0
f(t)= ? + glan cos Nt

=5—iz{cosa)t+£0053wt+i...}
1) 9 25

which is the required fourier series.
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Question No: 2 Marks =15

Verify Stokes’ theorem for a hemisphere S defined as x* +y*+2*=9 (z>0) where a
vector field F =z + 2xj — yk exists over the surface and around its boundary c.

Solution:

Stokes’ theorem states that

qurlF.dSZgSF.dr
S c

(a)
gS F.dr= q’;(zzh 2xj — YK).(idx + jdy +kdz)

= gS 7%dx + 2xdy — ydz

For converting it to polar coordinates,

X=rcoséd, y=rsing, z=0

where r=3 is the radius of the sphere.
x=3co0sd, y=3sind, z=0
dx=-3sin@d@, dy =3cosddé, dz=0
0<0<L2r

Thus, the above integral becomes,
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IOZ” 2(3cosH)(3cosHd o)

2r
:18I cos?6dé
0
2z
=18J'Md0
0 2

=9[Td9+2_|?c0329d«9}
0 0

sin 26’}2"

0

=9[9]§”+9{
9 . .
= 9(27[—0)+E(Sln 47 —sin0)

¢F.dr=187 Eq.(A)

(b)
i)k
curIin 9 9
ox oy oz
72 2x -y
=—i+27]+2k

jcurlF.dgzjcurlF.ﬁds
S S

where

Vs 2xi +2yj+2zk

A= =
V5| \/4x2 +4y? +47°
_ Xi +yj + 2K
3
So,
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Xi +Vj + K

jcurlF.d§=j(—f+2zj+2|2).( )ds

1
:5_!(—x+2yz +22)ds

For converting it to spherical coordinates, we have

X =3sin¢gcosé
y =3singsin g
z=3C0S¢

ds =9sin gdgd @

So, the above integral becomes,

jcurIF.d§

= %I{—Bsin cos 8 + 2(3sin gsin 8)(3cos ¢) + 6 cos g}9sin gpdgd &

= 3_|‘{—3sin2 $€0s O +18sin’ sin @ cos ¢ + 6cos gsin g3dpd 9

2rml2 2r 7l2 2r w2

=3 [ -3sin’gcosodgd+3 | [ 18sin’ gsinOcosgdgdd+3[ [ 6cosgsingdgdo
00 0 0 0 0

=1,+1,+1, Eq.(1)
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2z wl2

- —9j j sin’ gcosddgd

27!7!/21 C032¢
__gj'j > cosOdgde
:_9J' Q—M cos@d@
4 0
=—9][£—Sm—”}cosed0
——”jcos&d@
0

—gﬂ' . T
= T[sm 6’]2

-9z
=T(0)
IL=0 Eq.(2)

2rml2

= 4j Ism $sinHcos pdgdo

54 2

{sm ——sin 0}sm odo
3 2

0

2z
:18jsin 0do
0

=-18[cosd].”
=—18[cos 27 —cos 0]
- _181-1)=0 Eq.(3)
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2r 7l2

I3=18j jcos¢sin¢d¢d0

27 -2 7!/2
=18_|[Sm ﬂ 4o
1172

0

- 92f (1-0)d@

=9[e]
=18z Eq.(4)

Substituting the values of egs.(2), (3), (4) in eq. (1), we get

j curlF.ds =187 Eq.(B)

Hence, from the equality of Eq. (A) and (B), Stokes’ theorem is verified.

(Note: In order to get full marks, do all necessary steps)
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