Question 1: Finding All the Fourth Roots of Unity
We need to solve the equation:
              Z4 = 1
This equation asks for all complex numbers z such that when z is raised to the fourth power, it equals 1.
1. Rewrite 1 in Polar Form: The number 1 can be represented in polar form as e2rik, where k is an integer (this is because e2rik 2= 1, so any multiple of 2π brings us back to 1).
2. Setting Up for Fourth Roots: To find the fourth roots, we want values of z such that:
           Z=  , k = 0,1,2,3
Here, we divide by 4 because we are taking the fourth root.
3. Calculate Each Root by Substituting Values of k:
·
· For k = 0:
           Z=  = e0 =1
So, the first root is z = 1.
Converting  to trigonometric form using Euler’s formula,  = 
                        Z = i
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Using Euler's formula again:
z=cosw+isinm = -1+i-0=-1

So, the third root is 2 = —1.
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Using Euler's formula:

3 3w
+ isin

2 2

z=cos

=0—i=—i

So, the fourth root is 2z =

4. Conclusion: The four distinct fourth roots of unity are:

These roots are evenly spaced on the unit circle in the complex plane, at angles of 0°, 90°, 180°
,and 270°.
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Question 2: Proving Trigonometric Ide s Using Exponential Expressions

To demonstrate how we can use exponential expressions to prove identities, let's assume an example

identity like:
cos(26) = 2cos(4) — 1

Step-by-Step Proof

1. Express cos(26) Using Exponential Form: Start with Euler's formula for an angle 26:
&% = cos(26) + i sin(26)

Now, the cosine part alone can be represented by taking the real part of the exponentials:

i-20 —i-20
e
cos(20) = — =
(26) %
2. Expand €'’ and e7*%’: Using the identities e” = cos§ + isinf and e = cos§ — isin#,

we get:
&% — (cos + isin6)® = cos’ @ + 2i cosfsinf — sin’

e = (cos 6 — isinB)® = cos® 6 — 2i cos Osin 6§ — sin?§

3. Combine Terms: Now, add e/’ and e=#%’:

e 7 — (cos?§ — sin®6) + (cos? 6 — sin®§) = 2cos?0 — 1




