QUESTION 16

e r—————— o —

Let G be a finite abelian group of order n, and let m be
a positive integer relative prime to n. Then the

m

mapping o: Xx— X is an automorphism of G.
Solution:
(m,n) = 1 = there exist integers u and v such that mu

mu+nv mu nv Ui

+nv=1= forall x € G, x =X X =X since o(G)=n.

Now for all x € G, x=(x ) implies that
o is onto. Further,

X =e=> X "=eg=x=¢, showing that o is 1-1.

That o is a homomorphism follows from the fact that
G is abelian. Hence, o is an automorphism of G.




QUESTION 17

n

Let G = <a|a =e> be a finite cyclic group of order n. Then
the mappingo :a— am Is an automorphism of G iff (m,n)

m n/d n m/d
= 1.Further, if (m,n)=d,then(a ) =(a) =e. Thus, the

order ofa divides n/d; that is, n|n/d. Hence, d = 1,
and the solution is complete.Let X be a G-set. Then G is

a subgroup of G for each x € X.
Proof:

Let x € X and let g gEEG . Then B X=X and B X=X.
Consequently, (glgz)ngl(gzxkglx:x, SO glgzeG ,and G

Is closed under the induced operation of G. Of course
-1 _
ex=X, so eEG . If g€EG , then gx = X, so x=ex=(g g)x=g

X

1

1 -
(8X)=8
subgroup of G.

-1
X, and consequentlyg €G.ThusG is a
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Let X be a G-set. For X ) xzex, let X ~X if and only if
there exists geEG such that BX =X_. Then ~ is an

equivalence relation on X.
Proof:

For each X€X, we have ex=X, SO X~x and ~ is reflexive.

-1
Suppose X ~ X, SO gX =X for some g€G. Then g X =8

1 1

(gxl) =(g g)xlzexl:xl, SO X ~X , and ~ is

symmetric.Finally, if X ~X, and X ~X., then g X =X and

8 X =X, for some 8. gzeG. Then (gzgl)xl= gz(g1x1)=

g X =X, SO X ~X and ~ is transitive.
2 2 3 1 3
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If N is a normal subgroup of G, and if H is any subgroup
of G, then

HV N=HN=NH. Furthermore, if H is also normal in G,
then HN is normal in G.

Proof:
We show that HN is a subgroup of G, from which
H V N=HN follows at once. Let hl, h €H and n, n_EN.

Since N is a normal subgroup, we have nlh =h n for

some n_‘;EN. Then (hInl)(h n})=h1(nlh))n}=h1(h}n;)n =

2

(hth)(nln?)EHN, so HN is closed under the induced

operatibn In G. Clearly e=ee is in HN. For h€H and nEN,
-1 -1 -] -1
we have (hn) =n h =h n, for some n €N, since Nis a

]
normal subgroup. Thus (hn) €HN, so HN <G.

A similar argument shows that NH is a subgroup, so
NH=H V N=HN.

Now suppose that H is also normal in G, and let h € H,
nE N, andg € G. Then

1

1 ]
ghng =(ghg )(gng JEHN, so HN is indeed normal in G.
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Let G be a group such that for some fixed integer n >1,

(ab)n =anbnf0r all a, beG. Let G ={aEG\an:e} and Gﬂ=(an
|a€G). Then G <G, G <G, and G/G =G .

Solution:

in n n -1 1
Let a, bEG and x€G. Then (ab )=a (b ) =e,soab €

1 1 1 n -1

G . Also, (xax- ) =(xax' )...(xax1 )=xa X =e implies Xxax

1
€G . Hence, Gn*-ﬂG.

n n -1 -1 n n
Let a, b, Xx€EG. Thena (b ) =(ab ) €G .

n -1 1 1

1 2
Also, xa x =(xax )...[xax

G <G.

)= (xax ) €G . Therefore,
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Third Isomorphism Theorem

Let H and K be normal subgroups of a group G with
K<H. Then G/H=(G/K)/(H/K).

Proof:

Let $:G—(G/K)/(H/K) be given by ¢(a)= (aK)(H/K) for a
€ G. Clearly ¢ is onto (G/ K)/(H/ K), and for a, bEG,

$(ab)=[(ab)K](H/K)
=[(aK)(bK)](H/K)

= [(aK)(H / K)][(bK)(H / K)]=(a) p(b), sopisa

homomorphism.
The kernel consists of those x € G such that ¢(x)=H/K.
These x are just the elements of H.

Then first isomorphism theorem shows that
G/H=(G/K)/(H/K).
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Let G be a group of order pﬂl and let X be a finite G-set.
Then

X| = \XG\ (mod p).

Proof:

Recall |X\:\XG|+ b o AP |Gx;|.In the notation of above

Equation,
we know that

|Gx | divides |G].

Consequently p divides \Gx!\ for s + 1<i<r. Above
equation then shows that |X\-|XG| s divisible by p, so
X|=IX_| (modp).
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Let H be a p-subgroup of a finite group G. Then
(N[H]:H)=(G:H) (mod p).
Proof:

Let L be the set of left cosets of Hin G, and let H act on
L by left translastion, so that h(xH) = (hx)H. Then

L becomes an H-set. Note that | L|=(G:H). Let us
determine LH, that is, those left cosets that are fixed

under action by all elements of H. Now xH= h(xH) if and

o3 -1
only if H=x hxH, or if and only if x hx € H.

-1
Thus xH=h(xH) for all h€H if and only if x hx

-1 -1 -1 -1
=X h(x ) €H for all h€H, or if and only if x €EN[H], or if
and only if XxEN|H]. Thus the left cosets in EH are those

contained in N[H]. The number of such cosets is
(N[H]:H), so |£H|= (N[H]:H).

Since H is a p-group, it has order a power of p. Then
IL| = |£H| (mod p), thatis, (G:H) = (N[H]:H) (mod p).
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Second Sylow Theorem

Let P1 and Pz be Sylow p-subgroups of a finite group G.

Then I3’1 and P2 are conjugate subgroups of G.

Proof:

Here we will let one of the subgroups act on left cosets
of the other. Let L be the collection of left cosets of P1’

and let P2 act on L by z(xPl):(zx)P1 for zEPz. Then L is a

Pz-set. We have |Lp,| = [L| (mod p), and | L]|= (G: Pl) S
not divisible by p, so | Lp, | #0. Let :pcP1 € Lp,.

1
Then z><F’l=><I'~"1 for all zEPz, SO X 2:;~<I5’1=F’1 for all zEPz.

o3 -1
Thus X szPlfor aIIzEPz, SO X PZXSPI. Since \P1|=|P2\,

1

we must have P1=x- P X, soO Pl and Pz are indeed

.
conjugate subgroups.
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The center of a finite nontrivial p-group G is nontrivial.

Proof:

We have |G|=c+n +...+n , where n is the number of
r I

c+1
elements in the ith orbit of G under conjugation by

itself.

For G, each n divides |G| for c+1<i<r, so p divides
each n, and p divides |G|. Therefore p divides c. Now

e€Z(G), so c=1. Therefore c=p, and there exists some
a€Z(G) where a+e.
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.

For a prime number p, every group G of order p is
abelian.

Proof:

If G is not cyclic, then every element except e must be of
order p.

Let a be such an element. Then the cyclic subgroup <a>
of order p does not exhaust G. Also let bEG with b&<a>.
Then <a>N<b>={e}, since an element c in <a>N<b> with
c#e would generate both <a> and <b>, giving <a>=<b>,
contrary to construction.

From first Sylow theorem, <a> is normal in some

)

subgroup of order pL of G, that is, normal in all of G.
Likewise <b> is normal in G.

Now <a> V <b> is a subgroup of G properly containing

<a> and of order dividing pL. Hence <a> V <b> must be
all of G.

Thus the hypotheses of last lemma are satisfied, and G
IS isomorphic to <a> x <b> and therefore abelian.




