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2.17.1 Linear Function
A linear function is a function of the form
.x) =M +max2 + -+ Mply,

where mq1, mo, ..., m, are constants. From definition of
differentiable at X if and only if there is a linear function L s

can be approximated so well near X by

L(X) — L(Xy) = L(X — Xy)
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it is an rth-order partial derivative of f. The function

f(x.y) = 32%° sz

st-order partial derivatives are

has partial derivatives eve

AENT ﬁl’ya f,,(:n y) = Qrzyz + .
erivatives are

6y°, fou(z.9)

18z + 1, ful(z,y)

There are eight third-order partial derivatives. Some examples are

fIIy{I! y) = 18921 fzw(r*y] - IBHE! fy:ﬂ"[r! F} o IBHE-

Compute frz(0,0), fyy(0,0), fry(0.0), and f,(0,0) if

Its second-order parti

1822y,
18xy® + 1.

(Eytoplanlzy)  (z,y) # (0,0),

f{I' H} - { 0. {.I.', y} - (ﬂmﬂ]'

If (x,y) # (0,0), the ordinary rules for differentiation, applied sep:
and y, vield

fo(z.y) (2xry+y?) sin(x— I-Trz +xy? ) cos(z—

2r(riy+r sin(r—
- HER el (2,y) #(0,0)
(x*42zy) sin(x—y) - (+*y+ry?) cos(x—

I Ty .r!z),-l-:,j ,_.!:! cos(r—y)

- Bleptans2=)  (z,y) #(0,0).

These formulas do not apply if (x,y) = (0,0), so we find f,(0,0) and f
their definitions as difference quotients:

and

Julz,y)

I

£:00) = tig L0 -JOO _ 5, 020 _
r—+0 r r-+) T
— . f{ﬂ‘y}—f{ﬂ,m BT ﬂ—ﬂ_
fy(0,0) = lﬂ = —I],I_lrlé : = ),

Setting y = 0 in (2.32) and (2.33) vields

fo(2,0)=0, f,(z,0)=sinz, z#0,
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Setting y = 0 in (2.32) and (2.33) yields
J:(2,0) =0, fy(z,0)=sinz, x#0,

2.16. Directional Derivative

S0
f22(0,0) = lim f=(%,0) - /(0,0) = |im =9 = 0.
r— - =0 I
. Jy(2,0)- £,(0,0) . sinz-0
Jy=(0,0) = ll_ﬂ.l = = ll-“p}) = = 1.
Setting 0in (2.32) and (2.33) yields
f:(0,y) = —siny, f,(0,y) =0, y#0,
s
o 108 / 168 a
— J— 1 — “'."H
Fual(0,0) = M 2209 —Je(0.0) _ . —S8y-0_29
y—+0 y y—+0 y
— . !F{u-y]_fy{“‘ﬂ] __ a 'ﬂ—ﬂ_
Ju(0,0) = :-‘_“;{" - = IJI'I—I'“‘U T = ().

2.16.2 Equality of Mixed Partial Derivatives

Theorem: Suppose that f, f;, f,, and f;, exist on a neighborhood N d
and fgy is continuous at (xg, yo).
Then fyr(xo,yo) exists, and

fyz(z0,.w0) = fry(xo, m0).

4

Proof: Suppose that £ > 0. Choose 4 > () so that the opey
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2.18 Maxima and Minima

We say that Xg is a local extreme point of f if there is a 8 > 0 such that

f(X) = f(Xo)

does not change sign in S5(Xo) N Dy
More specifically, Xg is a local mazrimum point if

f(X) < f(Xo)

or a local minimum point if

f(X) > f(Xo)
for all X in S5(Xo) N Dy.
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2.17.3 A sufficient Condition for Differentiability

Theorem: If f,,, f:,, ..., fz, exist on a neighborhood of Xy and SFENEGREINUous
at Xg, then f is differentiable at X,.

Proof: Let Xo = (x10,220,...,Zn0) and suppose that £ > 0. Our assumptions
imply that there is a d > 0 such that f; , f;,,..., fz, are defined in the n-ball

S5(Xp) = {X: | X - Xp| < é}

and
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1.12 Pointwise and Uniform Bounded Functions

A sequence of functions {F,,} on the set S is said to be pointwise bounded on S if
the sequence of functions is bounded for every x € S, that is, if there exists a finite

valued function ¢(x) defined on S such that

|Fa(z)| < o(z), z€85n=123,...

We say that {F,} is uniformly bounded on S if there exist a number M such

that
IFa(z)| <M, z€S5,n=1,23,...
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conclude that J(U) = u 1or some U n 5.

Theorem: A function f is uniformly continuous on a subset S of its domain in R"
if for every £ > 0 there is a 4 > 0 such that

f(X) - f(X)| <

whenever

X-X'|<$
and X, X'€ S.

Remark: We emphasize that 4 must depend only on £ and S, and not on the
particular points X and X’

Theorem: If f is continuous on a compact set S in R", then f is URifOrmliycontin -

uous on 9.
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lx — ;| <0
Since {F,,} is pointwise HOUWNAE, there exists M; < oo such that

|Fa(pi)| < Mi,n € N.

) T . ' ; &

If we take
M = max{M,,...,M,},

then |F,(z)| < M + ¢ for every x € S. This proves the first part of the theorem.

. P rF = % - [ | ir - S _]_.E._ _..-I R am P ————— e

Scanned with CamScanner




We say that {F,} is uniformly bounded on S if INSENSSIE number M such
that
IFa(z)I<M, z€Sn=1,23,...
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2.19 Differentiable Vector Valued Function

A vector-valued function G = (91,92, ....9n) is differentiable at
Up = (u10, u20, - - . , Umo)
if its componentfunctions g1, g2, ..., gn are differentiable at Uy,

Lemma: Suppose that G = (¢1,92,...,9n) s differentiable at

Uﬂ — ('ulﬂa U204 - - - uﬂlﬂ)&

and define
1/2

s DI
v (S5 (e

i=1 j=1

Thon ife N tharaica AN ench that
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The set 5 =((x.y).2 +)* Clor ¥ +y* 2 4) is not aregon in A2, since it is

({ Please selec yous coned optien |

not Connected
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Example: Intervals are the only regions in R. The n-ball B, (Xg) is a region in R",
as is its closure S,(Xg). Theset S = {(z,y): 22 +y* <1 or 22+ y* > 4}isnot
a region in R?, since it is HOPSORNSEIS

The set S) obtained by adding the line segment

Li: X=1t0,2)+(1-¢)(01), 0<t<]l,

90/ 168
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2.8 Polygonally Connected Set

A set S is polgg@nally connected if every pair of points in S can be connected by a
polygonal path lying entirely in S.

Theorem: An open set S in R" is connected if and only if it is polygonally
connect ed.
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nmit A. dince A 1S a lmut point ol every Si and every i 1s closed, A 1S 1N €
Si (A set is elosed if and only if it contains all its limit points). There|
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The iowes etegral ijdm of f over R is the supremum of all the

page 135
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k
s(P) =Y m;V(R;).
j=1
The lower integral of f over R, denoted by

L £(X) dX,

istthestipremum of all lower sums.
Theorem: Let f be bounded on a rectangle R and le

Then

1. The upper sum S(P) of f over P is the supremj
sums of f over P.

. T 1 ' = i i b = T . . . )
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Theorem: If f and gaE@it cgrable on S and f(X) < ¢(X) for X in S, then

/5 f(X)dX < /5 g(X) dX.

Theorem: If f is integrable on S, then so is |f|, and

]_; f(X) dX

% :
ELU( )| dX

Theorem: If f and g are integrable on S, then so is the product fg.
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3.9 Upper and Lower Integrals

If fis bounded on a rectangle R in R™ and P = {R;, Rs, ..., Rx} is a partition of
R.

Let

M; = ;g}:;j f(X), m;= Jéél}}} f(X).

The upper sum of f over P is

k
S(P) = Y M,V(R;).
j=1
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3.2  Absolute integrability

We say that f is abSelatelgiistcgrable on [a,b) if f is locally integrable on [a,b) and

f \f(z)|dx < oc. In this case we also say that f f(x)dx converges absolutely or is
absolutely convergent.

Remark: If fisnonnegative and integrable on |a,b), then f is absolutely integrable
on [a,b), since |f| =

Scanned with CamScanner




Example: The empty set and SlgI8EON sets are connected, because they cannot
represented as the union of two disjoint nonempty sets.
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2.6 Heine-Borel Theorem

We are going to state and prove the Heine-Borel theorem for R".

This theorem concerns compact sets. Asin R, a compact set in R" is a closed and
bounded set .
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Theorem: If f is continuous on a compact set S in R", then f is Holnded on S.
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valid for all p and ¢q. The guetient

_hiz)
1= 5@)

of two power series

h(z) = ) ealz—2z0)", |&— 0| < Ry,
n=I()

gz) = an(I—Iu)"w |z — xo| < Ry,
n=()

can be represented as a power series

x
f(z) =) an(z - z0)"
n=0
with a positive radius of convergence, provided that

by = g(xg) # 0.

L ] L - - - " W F e ] aF " a e
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Theorem: Suppose that U is in T and iSS@miEpointeoll, G is continuous at
Uy, and f is continuous at Xy = G(Up). Then h = f ¢ G is continuous at U),.
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2.17.4 Continuously Differentiable Function
We say that f is continuously differentiable GHNSIBSSINSYSE R" if S is contained in

an open set on which f;,, fz,, ..., fz, are continuous.
The above theorem implies that such a function is differentiable at each Xp inS.
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| think D is right answer.

in hangouts there is not any
discussion about globle
max. &min.
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Proof: See lecture.

2.16 Directional Derivative

Let @ be a unit vector and X a point in R".
The directional derivative of f at X in the direction of ® is defined by

0J)(X) .. J(X+t®)- f(X)
T t

if the limit exists.
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Prove that d(S) = d(S) for any set § in R”.

‘i"-'r l_]l""

Since S © S.(A)d(S) <d(S). If Xand Y are in § and € > 0. there are points
Xi.YirinSsuchthat IX—X;l <eand |Y - Y,| < €. Then
A1 ‘_\-'.\| -+ \| ‘ll *\] Y| < d(S) + e,

Hence. d(S) < d(S) + €. Let € — 0+ to conclude that d(85) < d(S). which. with (A).
implies that d(S) = d(S).




I a nonempty subset § of R” is both open and closed, then § = R”.

Suppose that Xg isin S. IFS # R" thereisan X\, € §. Le

.!l!::T!JI—.'|N||-'FX|"{‘ll"ﬂ“' r <t}

Since § is open it conlains a neighborhood of XNy, s0 H # @, Since X, isnotin S, r < |
foralltin H. Letp =sup Hand X = (1 — p)Xg + pX: then X is a limit point of S and
s0 in §, because § is closed. Since § is open, it contains some e—neighborhood of X, so

p + €/2isin H. This contradicts the definition of p. Hence, S = R".
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f(x.v.2)=log(l+x+y+2) ®=(010)

"- ir) f |I " = I:'] I | - r." o i 1' - q::.' . Ir ]
illl'i_‘*] =X == ) 'ldl -* "‘_ - l;' i )
";r! - 1’ . i 1

Il

| 4+ 2 )’ -+ el O + O N

nr|\| Pr + O + O
= n ) "1 | = {0, 1.0}

i l 4+ x4+ v+

then
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Question 5

-

If hu.v) = f(u? + v?). then 1 hy —uhy, = 0.

ANS
By = 2uf"
L‘F = v/’

2(vu —uv) [’

vhy, — uh,

i-)’,“_ Hllhr — []




Juestion b

It h(u,v) = f(sinu + cosv), then hy simv + hycosu = 0,

Ny [ CcOsu

I, — [ sin1

Ny SINV4N, COSU = (sinvcosu—cosusiny) [’

hysinv+hy,cosu =0,




It h(u.v) = f(u/v). then uhy, + vh, = 0.

U, + vh, = (” “) f
!

wuh, + vh, 0




f(g(u,v), —g(u,v)). thendh = (/fx— [y)dg.

If hiu.v) =

:I:fl _Jr'I,ILr“

Iy du + hy di

= (fx — fylewdu + guvdv)

=

:':.ll']_ — h:lu'lL'.




let i(r.0.7) = f(x.v.7). where x rcos® and v = rsiné#.

Find &y, hg, and h: interms ol [y, [y, and /-

B = IaXo 4+ 157 4+ 2.
F L] F F

By = f.00sH 4 [.s51n#

Jlfn f i | i T r 1 'L i | .". .. o

hu = Jxl—} sin#) 4 ,"Ilf'.._ilh.*“'l
I | | .

¢ ri—J, sSinte 4+ . COs &)




let i(r.0,¢) = f(x,v.2). where x = rsingcostl, y = rsimngsiné,

and 2 = rcos¢. Find h,, hg. and hg interms ol [y, fy. and f;
. |
l'.ir f.l' .'.I" - f '||_'_ - :'.-.-_ .
fi, 'F \ll]if'l..i""\*‘ . ’~. -..||'||+",--._|“"' . ¥ - ;_HHI:J
I‘II T —-— 'r1 i T JF-I "||..|| ' i I.F- ._i'-
JIH ¥ s ¥ [ r id
SN gy r S = JFv CUN )
h A r‘ L r" 1'-.-" T+ J ‘L
»“L- j" fl lh‘i,“‘\.l;]t-.!"hi" . ,F,I lhll"q..:l 111 I'1_ 110 r"!
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Let A(U) = f(G(U)) and find dy,h by writing & explicitly as a function of U.

- b
f{x,y) = 3x°“ 4 4xy* 4 3x,
g(u,v) = ve' V1, (g, v9) = (0, 1)
galu. p) = ¢ %71
;Hl-l:_:i:t':“ 21 1_.__1.‘_tu 1 1{ 2u+ 21 :'*'-_:ri';'“ v—1
— Fp2eWH20-2 4 o u+IV-3 L 3 M+v-]
;::‘{l} = h] :t':“ .:! : — 41 e 4 1 s B _:I{ i i
4;1’“[[”' — _:"
; 3 Yaa L.V ¥ 1 1 - o L1
;h(l ) = (01 —-'I"li-l'("'" = - 1 {4 4 l:, e u I + (3 4+ :“..” |

hrll”] — _1-1

Ef[.;i’ :'IJHI[.|FI‘{IIII.FI‘ T IFIIII[.“I{]F; — _‘:._'rr” - 1':.-1{"1'1




Let A(U) = f(G(U)) and find dy,h by writing h explicitly as a function of U,

SIS = Y == -'—,:l
f(x.v.2) = ¢ ) :

gi(u,v,w) = logu—logv + logw,
n X (g, vo.wo) =(1,1.1)
ga(u, v, w) -2logu — 3log w,

gi(u,v,w) = logu + logv + 2log w,

' (U)+viU)4z2(U)=(logu—=logv +logw)+(=2logu—-3logw)+ (logu +logv 4+ 2loew)

Y(U)4+viU)4z(U) =0

hence

) = 1

.:Ir,_”;‘lf = ().




Let A(U) f(G(U)) and hind dy h by wniting i exphicitly as a function of

f(x.y) = (x + y)*.
g, v) = ucost (Ug. V) (3. 71/2)

Falld, ) M SIn .

TLN u*(cos v 4 sinv )’

. .
= (]l +2smvcosv)

u=(l 4+ sin2v)

Ny(L) Jull 4 sin2v)

Nolll') = 2u* cos Qv
Nell a) |8

=-|.f:1 *'.'_.ll..lu."u N (UG ) di

du = 6du — 18 d1
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Let A(U) = f(G(U)) and find dy,h by writing & explicitly as a function of U.

g |

F X, ¥. L) R TR

(M., W) = HcosvsInw,
(Up.Vo. Wo) = (4. 1/3.71/06)
(U, U, W) = UCOSVCOS W,

g, v, W) UsIiny.

¥ 3 ] ¥ ¥

MU) = 12 cos? vsin® w + u? cos? veos? w + u? sin’ i
hU) _ 3yl

hy (U) = 2u

he(U) =0

e (U)

hy(Ug)

ho(Ug) =

hu (Ug) =

dh = 8du.




Show that (0.0) s a enhical point of ¢ h ol the tollowine tunctions, and that

they have positive semudelinite second dilterentials at (0, 0)

% Y
. 5 2 4 1
P V)= -V TyY +X% T)
.1
2 , | 4
PIX.V)=Xx*"=2xv 4+ YV 4+ X"+
pelx, y) = 2v — 2y + 4
r} |l i' :‘1 ':11 . 11.‘
S 1nee F,l“ 1)) p {({) 1)) iy (L) ”IE\.11.IITI+'.L|I"'I'II'HHI p
PealX, V) 2 4 12x°
I = 5
PeylX, V) :
PyyA X, ¥) 2412y
plary , P I
o d PIX, V) = 2X°—4XY + 1)
Ir|_"'| : -
CigmPNX.Y) 2(x — ¥)* 15 positive semidehnite
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Show that (0, 0) 1s a cntical pomnt of each ol the lollowing lunctions, and that

they have positive semudetimite second ditterentials at (O, O)

g(x.v) ¢ —2xv + ¥* ¢ T
...;l'l | -.l :'ll " 1'- ';‘II |;
iJqyl I L5 21 I-'I
idv 1N ¥ :l :. L'l.
Since g, (0,0) a.(0.0) 0 - (U, 0) 1s a enlical point of g
‘T A i -' !-'I'
TR V' :1
2 (X, ¥) 3 * el
"_...t..""l ) A dxy 4+ 2
"....'r”‘ V ) Y » )

IS FH--|TP-.|_‘ iy, I’I'fl1|l.”1ll|n..
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It R 1s u|L’:__‘i.'r'|L'I';llL‘, then I[I'||"|Il=.'*- that J'.H f[‘.\;]f-‘r,\'. = 01t £ 1s bounded on R

Suppose, for example, that R = |ay, by] x a2, b2] x <+« x |an. by withay = b.

Then every partition Pof Ris ol the form P = |Ry. R>..... Ry}, where v(R;) = 0,

| < j < k. Therefore, every Riemann sum of / over R equals zero, so / fIX)X = 0.

/R




Suppose that

() il x and v are rational.

£ : il x 18 rattonal and v 1s yrational.,
X.) =
15 irrational and v 1s rational.

I
-

il x and v are urational

| =

I I-IILI y }
f(x,.v)d(x,y) and / f(x.y)d(x,¥) U R=|a.b]x|c.d]
J R J R
letP IR,. R . Ry 1. Let

\f sup flx,v)IXeER;,; and m inf} f(x,¥y)|XER,]
Let j be arbitrary in {1, 2, k). Since R; contains a point (X,;,V;) with X; and ¥
urational. M, = 3. Hence. / f(x.v)dlx.v) = 30 —ald — c). Since R; conlains a

K

point (xX;, v;) with x; and ¥; rational, m; = 0. Hence, / f(x,v)dix.v)=10
}"I

e
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If S5 and S> have zero content, then S,

5o has zero content

I « I, and T, T, - T sach

that S, 2, and T vil,;)

I
T} covers §; U S5 with total content < ¢
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I S¢ has zero content and 5S> € Sy, then S5 has zero content

Il ¢ 0, there are rectangles 7y, 72, ..., I, and 7, 15, ..., T, such thal
[ .“!1 LB | f; and ."}_* = \T- then \i-: o l'_.:r |fl.r




