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HORIZONTAL ASYMPTOTE

The graph of y = f(x) has a horizontal asymptote of y = b, if
and only if, either

im fi{x) =b or lim Fflx)=b (1)
X—0Q X——00
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ASYMPTOTES OF A RATIONAL FUNCTIONS
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ASYMPTOTES OF A RATIONAL FUNCTIONS

Let r(x) be a rational function with polynomial
p(x) = apnXp + ... + ap of degree n in the numeratorand polynomial
g(x) = bjmXm + ... + bg of degree m, in the denominator

m If n < m, then r(x) has a horizontal asymptote of y = 0.

m If n > m, then r(x) becomes unbounded for large values of x
(positive or negative).

m If n = m, then r(x) has a horizontal asymptote of y = 2.
n
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EXAMPLE(1):

m [ hus there is a vertical asymptote at x = 0.
The sraph of 2o — _?L 15
Hyperbola
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EXAMPLE(2):

Discuss the Asymptotes of the following rational function

: 10>
rix) = TR (4)

m Defined Vx # —2

m [he numerator and denominator are linear functions (degree
of polynomials are the same).

m we can see that as x get large then 2 in the denominator
becomes insignificant.

m lhus r(x) = .1_5_-*_{ — W V8

m [ hus horizontal asymptote occurs at x = 10.
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EXAMPLE(2):

The graph of y = ,—lﬁ— is
Rational Function
30 T — s
1| s : =
r()=10x/{ 24x) .
ob——————_______| | Horizontal Asymptote ___
= 2 r(x)=10x/{24x)
O § ” St o
=T |
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ASYMPTOTE |

An asymptote is a line to which the graph gets arbitrarily

close. That means that for any distance named, no matter how
small, the graph will get within that distance and stay within that
distance for some section of the graph with iqrginite length.More
precisely
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EXAMPLE(1):

Discuss the Asymptotes of the following rational function

rilx) = l, (3)

This is defined Vx # 0.

Consider the sequence of numbers x,, = %, % %, % £ aia % for
K'=3 2. 555 ™
These numbers are getting closer and closer to zero.
Since r(x,) = ;1!; — } == 13
! -
NG PENL) =2 3,855 K v TOF = 2Z:3, 3 vnn ;09

which is getting larger and larger, so approaching the vertical
line x = o.
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EXAMPLE(3):

Discuss the Asymptotes of the following rational function
4 x2

4 — x2'

(5)

r(x)

m Defined Vx # +2.

m Clearly the function passes through the origin, so the x and
y-intercept is (x,y) = (0,0).

m Note that this function is an even fun®tion, the edge of the
domain is x = 2, so we see there are vertical asymptotes at
X = 2

m [ hus, for x large r(x) =

4.2 =1
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OBLIQUE ASYMPTOTE:

() = 83 = £+ 53

Obviously deg(g(x)) < deg(q(x)).

Implies % — 0 as x — *o0.

Thus r(x) — f(x) as x — *oco.

Particularly if deg(p(x)) is one more less than deg(q(x)),
then f(x) is a linear function whose graph is a non-horizontal
line in the plane.

That line is called oblique asymptote.
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ASYMPTOTES OF A RATIONAL FUNCTIONS

OBLIQUE ASYMPTOTE:

_ ~ ~Slant asymp tote:

by =
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EXAMPLE(2):

Discuss the Asymptotes of the following rational function

%t —1

|

r(x)

m Clearly the quotient is a linear function.
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OBLIQUE ASYMPTOTE:

3 — 1 R . Bz + 1
22 — D> 2 (= 2¥(xz + 1)
- .
| I\"'-——-—-;;"/'}
I | -
I T
I g 1 Slant asymptote:
" I } 1 =+ 1
— [
- # 1 = R
- : , Special points:

P 3237355
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POLAR EQUATION OF A STRAIGHT LINE:

P 222/222
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POLAR EQUATION OF A STRAIGHT LINE:

m [ he polar equation of any line is p = rcos(8 — «).
m where p is the length of the perpendicular from pole to the

line.
m « is the angle which this perpendicular makes with the initial

line.
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POLAR EQUATION OF A STRAIGHT LINE (PROOF):

m Let OX be initial line and P be any point on the line whose
polar coordinates are (r,0).

Therefore, OP = r and LPOX = 6.

Let us draw a perpendicular OY on the line from P produced.

Now using AOPY', we have ﬂ

oY
cosPOY = 55 = £

r

p = rcos POY = rcos(6 —a), (8)

This document is available on $ stUdocu

Downloaded by Nayyab Asghar (nayyabasghar13@gmail.com)


https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

m Now we determine the asymptotes of the curve r = s(0).

m For this we have to determine the constant p and a.

Il 1759/2120
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CONSTRUCTION:

m Let P(r,0) be any point on the curve AB whose equation is

r = p{@).
m Let us draw a perpendicular OY on the line p = rcos(6 — «)
which is MY

m | herefore

P 1826/2120
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CONSTRUCTION:

m Now r — o0 as the point recedes to infinity along the
curve.Let & — 67 where r — oo.

m [ herefore we have @ = £ —cos(0 —«) by (9). when
r — oo, PM — 0.

m So that

Il 1838/21:20
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CONSTRUCTION:

m Let
cos(f —a) = O
| 7T
cos(@ —a) = cos(;]
= = il (.0 — 01 as r — o0)

2

Il 18as/21:20
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CONSTRUCTION:

m Again from (9), we have when r — oo

p = |i_>mmir cos(6 — a)]

= lim [rcos(8 — 61 + g)]

= lim [rsin(6; —0)]

r—oo

Il 1907/2120

—.
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CONSTRUCTION:

o
’ cos(f; —0)
= lim
T e | 1%
limg_.g, (cos(6; —0))
= - 1 1 dr ) (13)
|’”"'H—-H](‘f'e§“;;z o)
S PR - du __ 1 dr
m Now let v = - this implies 75 = — 5 5. Therefore (13)

becomes
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CONSTRUCTION:

my
P= gli_}n;l _g' {14
m Hence the asymptotes is
lim -l = rcos(fi’iﬁa)

0—0; du

Il 192972120

—.
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WORKING RULES:

m We have to change r to % in the given equation and find out
the limit of 8 as v — 0.

Xy
m Let 6; be any one of the angle possible limits of 6.

m \We have to determine then —j—ﬁ and its limit as vt — 0 and
0 — (‘)1.

m Let this limit be p.
m [ hen p=rsin(f1 —0) is the required asymptote.

This document is available on § stUdocu

Downloaded by Nayyab Asghar (nayyabasgharl3@gmail.com)


https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

EXAMPLE(1):

Find the asymptotes of the curve

rsin(6) = 2cos(26) (16)

m Stepl:(16) implies

2 cos 26
sin6

1 sin @

r 2cos26
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EXAMPLE(1):

m according to working rules , we can write (17) as

~ sinf
 2cos?20°

u (18)

o Ste_pZ: As u — 0O then 8 — nm, n € L

P 1506/ 1541
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EXAMPLE(1):

m according to working rules , we can write (17) as

~ sinf
- 2cos?26°

u (18)

m Step2: As u — O then 8 — nmt, n€ Z.

Il 15017154

Downloaded by Nayyab Asghar (nayyabasghar13@gmail.com)



S (du) i cos 28 cos 8 — sinB(—2sin 26)
0—nm \ dB 0—nm cos? 26
B cos?(2n7r)
cos(27) cos(7r) — sin(7T)(—2sin(27)
B 2
- cos(nm)
2 0

— | (19)

(=1)"
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EXAMPLE(1):

m Step4d: This limit be p. Thatis p = —1 21)”. Hence, the
required asymptotes are
rsin(nt —0) = —(_21)”
| -
rl(=1)* *sing] = (—1)7
rsin(f) = 2. (20)
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ASYMPTOTES IN POLAR COORDINATES

EXERCISES):

Find the equations of the oblique asymptote for the following

rational curves
3342
x< —x—1
Bx< —3x+1
x—+2
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ABSOLUTE MAXIMUM:

m A function f has an absolute maximum (or global maximum)
at cif f(c) > f(x) for all x in D.

m Where D is the domain of f.
m The number f(c) is called the maximum value of f on D.

"? ‘. .’L.‘i‘!' L
Global
eDY \ﬂ}_ M"I”m
/ - XF
3 —

1

il
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ABSOLUTE MINIMA:

m A function f has an absolute minimum (or global minimum)
at dif f(d) < f(x) for all x in D.

m Where D is the domain of f.
m [he number f(d) is called the minimum value of f on D.

&lobal
| Max= i imum
y

Il 1449/1655
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LOCAL MAXIMUM OR MINIMUM:

m A function f has a local maximum (or relative maximum) at ¢
if f(c) > f(x) when x is near c.

m [his means that f(c) > f(x) for all x in some open interval
containing c.

m Similarly, f has a local minimum (or relative minimum) at d if

f(d) < f(x) when x is near'¢. - .

&lobal

Minimum

3

=z
_—_

!
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EXAMPLES:

Let f(x) =x2, x€R
m f(x) has absolute and local minimum at x = 0.
m Having no absolute or local maximum.
m | he right most diagram showing the function behavior when

X € (—o0,0) U (0, c0).

Vi 4
|I II . ll
1&& ."I \ a’I
| ; \1 /
\ \ | &
\ / \ / J
\./ - \ " >
|
flx) = x° flz) = 2;2, z € (—00,0) U (0, c0)
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LOCAL EXAMPLES:

Let f(x) = f(x) = x* + x> — 11x*> — 9x + 18 =
(x=3)(x—1)(x+2)(x+3), xeR
m (x) has the absolute minimum at x = 2.2 and has no
absolute maximum.
m It has two local minima at x = —2.6 and x = 2.2.
0

P 648/741

—
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LOCAL EXAMPLES:

120

II g l
| |
' 5 L= l
| |
I' I
\ < II

Il 7o6/741
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CRITICAL NUMBER

A critical number of a function f is a number ¢ in the domain of f
such that either f’(c) = 0'.or f’(c) does not exist.

Downloaded by Nayyab Asghar (nayyabasgharl3@gmail.com)



A critical number of a function f is a number ¢ in the domain of f
such that either fr(c) = 0. oF ff(c) does not exist.

REMARK(3):

From Fermat's Theorem it follows that if f has a local maximum
or minimum at ¢, then c is a critical number of f.
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EXAMPLES:

mif f(x)=2x2+5x—1, x € R, then f’(x) — 4x + 5. Hence
the only critical number of fis x = —

FQ:Q @[vaa ‘}B »

- =2

-P-IU'I

2291715
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EXAMPLES:

miIf f(x) =2x°+5x—1, x € R, then fj(x} — 4x + 5. Hence
the only critical number of f is x = —%.
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EXERCISE

m Find the critical numbers of f(x)%= 2x> — 9x? + 12x — 5.
m Find the critical numbers of f(x) = 2x + 3v/x2.
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EXTREME VALUE THEOREM

If f is continuous on a closed interval [a, b|,then f attains an
absolute maximum value f(c) at some number ¢ and an absolute
minimum value f(d) at some number d.

7
3
2

-

V.
E i
3
S
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ERMATS 1HEOREM

If f has a local maximum or minimum at some number ¢, and if

!

f (c) exists, then f'(c) = 0.

VA
(c, F(C))
2 |
I
I
4 I - - -
| T 1,
I Ill’!. I' ,E!“
| I >
0 ¢ d X
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SERMATS THEOREM

If f has a local maximum or minimum at some number ¢ ,

pH)=25 7€
() BB g(x)=0° . %
R 2

_"_,_.,-‘"
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HFHERMATS THEOREM

REMARK(1):

)
m | he converse of this theorem is not true.

m In other words, when f’(c) = 0, f does not necessarily have a
local maximum or minimum.

m For example, if f(x) = x3, then f’(x) — 3x? equals 0 at
M=),
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FERMATS THEOREM | 7

REMARK(2):

. f . "
m Sometimes f (c) does not exist, but some number f(c) is a
point of a local maximum 8r minimum.

m For example, if f(x) = |x|, then f’{D} does not exist.

m But f(x) has its local (and absolute) minimum at x = 0.
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RELATIVE MAXIMA AND MINIMA

FIRST DERIVATIVE TEAT

m If f (x) > 0 on an open interval extending left from ¢ and

f (x) < 0 on an open interval extending right from ¢, then f
has a relative maximum at c.

m f f!(x_} < 0 on an open interval extending left from ¢ and

f (x) > 0 on an open interval extending right from ¢, then f
has a relative minimum at c.

m If F (x) has the same

ign on both an open interval extendi

p 521/524
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RELATIVE MAXIMA AND MINIMA

mlet f(x) = 3‘,}54 —4x3 — 12x2% + 3. ‘ 232

=

P 4507450
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RELATIVE MAXIMA AND MINIMA

SECOND DERIVATIVE TEAT

Let c is a critical point at which ff(c) =0

Let f (x) exists in a neighborhood of c.

Let f (c) exists.

Then f has a relative maximum value at c if f (¢) < 0,

and a relative minimum value at ¢ if f (¢) > 0 .

& o
T ot Crisny S, [ S )

Il 1147618
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EXAMPLE

m Discuss the singular points of f(x) = (x — 1)% — 3(x — 1) on
0, o0].

m Look for values x where ff(x) is not defined, but f(x) is
defined.

= f’{x} S —-3,

<
3(x—1)3
m Notice that the denominator is zero when x = 1, so that
f (x) is not defined when x = 1, even though f(x) is defined
when x = 1.
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DEFINITIONS

m A Point on the curve through three branches of the curve pass
Is called Triple Point.

m A Point on the curve through which r branch of the curve
pass is called Multiple Point of rth order.

m A Double Point P on a curve is called a Node if two real
branches of a curve pass through P and two tangents at which
are real and different. Thus the point P shown is a Node.
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DEFINITIONS

A Point on the curve through three branches of the curve pass

Is called Triple Point.

A Point on the curve through which r branch of the curve
pass is called Multiple Point of rth order.

A Double Point P on a curve is called a Node if two real
branches of a curve pass through P and two tangents at which
are real and different. Thus the point P shown is a Node.

A Double Point Q on a curve is called a Cusp if two real
branches of a curve pass through @ and two tangents at
which are real and coincident. Thus the point Q shown in the

adjoining two figures is a Cusp.
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WORKING RULE FOR INVESTIGATING THE NATURE OF THE

DOUBLE POINT AT THE ORIGIN.

m Find the tangents at the origin by equating to zero the lowest
degree terms present in the equation of the curve. If origin is
a double point, then we shall get tangents real and imaginary.

m |f the two tangents at the origin are imaginary, then the origin
IS a conjugate point.

m If the two tangents at the origin are rea!,ﬂand different, then
the tangent is a node or a conjugate point.

m |f the two tangents at the origin are real and coincident, then
the origin is a cusp or a conjugate point.

Downloaded by Nayyab Asghar (nayyabasghar13@gmail.com)



REMARK.

To study the nature of the curve near origin

m If the tangents at the origin are y* = 0, solve the equation of
the curve for y, neglecting all terms of y having powers above
second. If for small non zero values of x, the values of y are
real, then the branches of the curve through the origin are
also real, otherwise they are imaginary.

m If the tangents at the origin are x?> = 0, solve the given
equation of the curve for x instead o’y and proceed as
mentioned in the above point.

m In other cases, solve for y or x, whichever is convenient.
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EXAMPLE

Determine the nature of the singular point (0,0) of
f(x,y) = x>+ y> —3xy

m According to thkee last discussions, the tangents at the origin
are x =0and y =0

m Hence the origin is either a node or isolated point.

m When x is so small, the equation of the curve is y? = 3x
which represent two real branches through the origin.

m Hence the origin is a node.
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EXAMPLE

Determine the nature of the singular point (0,0) of
f(x,y) = (x2+ y?)(2a— x) — b%x.
m According to the last discussions, the tangents at the origin
are x = 0.
m Hence the origin is either a cusp or isolated point.

m lo see whether the origin is a cusp or an isolated point. Solve
the equation of a curve for x.

P 3271413
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\ L - W
EXAMPLE

— x> — b°x+2ax° =0
x% —2ax + b* =

20\ /37—2(1) (57

x = a+ a2 — b2

=

Ce . : . o
Hence origin is a cusp if a< — b= > 0.
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WORKING RULES TO CALCULATE SINGULAR POINTS AND ITS
NATURE USING PARTIAL DERIVATIVES

m If f(x,y) be a curve then its singular points are the
simultaneous solutions of f(x,y) =0, f.(x,y) = 0 and
f,(x,y) = 0.

m [ he values of tangents at singular points are the roots of
(¥ ()2 + 2hy (%) + B = 0.

m If i, fy and f,, are not all zero then the point (x, y) will be
a double point.

m |f (ﬁ,{},}2 — fixfyy > 0 the point (x, y) would be a node.

m If (f,)? — fixfy,y = 0 the point (x, y) would be a cusp.

m If (ﬂy}z — fu fyy @ 0 the point (x, y) would be an isolated

nAaint
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Sphere: -]

Sphere is the set of all points in the space that are equidistant from a Q P
fixed point. The fixed point is called the Centre of the sphere and the Yt TN
constant distance from the points of the sphere to the Centre of the
circle is called as the radius of the sphere.

Downloaded by Nayyab Asghar (nayyabasghar13@gmail.com)




circie 1s Caned as Iine ragiius of the spnere.

Cﬁ:”f

\ G g () =7
O o )+ (220 =7
- 4 Sphove
( (Iu)'ﬁm%ﬁ) C (f}ﬁ_}@ Tﬂfiﬂd-e
(}Hﬂj + (424 (2=

e YL =7
o+ sbhowe ¢ (0)02) | vdiusy

This document is available on $ stUdocu
Downloaded by Nayyab A

ar (nayyabasgharl3@gmail.com)



https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

Propecios A Sphere

(11 4 ( 4oV (2-2op vH

(e (‘iﬂj“ﬁqﬁ:@\ | Yodisry= Y
Contve [OJSJG) ;
‘)«‘l’—r"nl"-»r }%—:\’l




) Y 2 08
%-—"w&ﬂw’(ﬂm,?

LEJ":‘_U ]q'a:f,l
*}*&f “ C)L—#: GL: 25
'\J“l--:-')-s

(iflﬂ;gj

Lafﬂ“}‘m%ﬁ %:OJ r%’:f]

w
_
o
i 3

This document is available on $ stUdocu

Downloaded by Nayyab Asghar (nayyabasghar13@gmail.com)



https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

_'__________:._“.-
- U_u




This document is available on $ stUdocu
ed by ail.co

d by Nayyab Asghar (nayyabasgharl3@gm m)


https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

E?ﬁiﬂ—., Find Hees; <fSphere with condve (2,13) and radiagy

C (_A‘ta kah ) =C [l) 113) ) Yod{up= }’:{1
(oY + (Y-Yetoy (220 -

Q-4 (40 23t

i &

,}Lﬂl:_}f;;)[)_) *ﬂff‘%—*—%%}(‘]-ﬂl—}«?zj: 3(ijjj+57-: &KL
w 5%6 )t +2B249)

N Uy A6 | L1490

W AR 42y 6225




'JLL-\-(GL X "&'J{-L«‘a‘-{-%lm[ o0& = (|
'}L,q.—l{'_’l.]t3>_ta% + Y T"L{_'ﬂ(l)—q_}_ + 1#')—( ]{5\}1‘5— | !"}'E-Tlhf

C)Hﬂﬂr’f f_lﬁ”fj‘ —Jf- (2-€) = U +Q +4 +AT
(-5 (4- z—q)ﬁ Qz__ﬂ - L{q 1
O L4905 2 29

is document is available on $ stUdocu
by Nayyab Asghar (nayyabas

yy har13@gmail.com)



https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

uuuuuu o B BT s i

(- L”gﬁ:; &‘C"]‘QET Cg—*-iﬁi: 4 =~ 75
Q) "+ G494 ¢ Z 2o\ =y

¢ (Xo "o 120) =€ (-3,2,5)
"\fﬂﬁ’i%_ﬂl Y:7



E’—-@&% Find e es 4 Spreve woiinceutve (253 ,-1) g bowgend
oo W lane St 6L
- Didvmee "‘; ﬂ-M\Ja«PI( P(Hﬂ/?gj-zaj €V% a (;jeam
Ak +loy vC2 =d g M vem Laﬁ_
LNty = \&Hu*\aﬁgfﬁ% *‘fﬂ
\Y/_"‘::BITCL
d.icb‘lﬁmrz (3(2_}#1{3}%&_(

NEF e

This document is available on $ stUdocu
Downloaded ayyabasgharl3@gmail.com)

by Nayyab Asghar (n


https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

\rﬂ—lth(FtBé
'T&_ﬁi&%*’:_\:'lj\i_ T

il
=\ e )

@_H‘LQ) "(CLﬁ’hJE'ﬂ ,_1_(_2 %c‘;) = a
[ 10 LY e L



(l{_#‘l.@} Clﬁr“-tﬂ AFCZ %a) — Y
L) e (=3 e ()= |

L~y *“‘h—(ﬂaﬂ + o034 = \
W ”Y”K*T%l’w‘ ’_b—b—r H\Y-\=o
b .xf”&’ ”’C}}'_J/t% f—éu& ) ot B

This document is available on $ stUdocu
ed by Nayyab Asghar (nayyabas

yy har13@gmail.com)



https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

How ko tacogrine Apre
Co b1 4%

W—Laz mﬁi (610’
%Lr-t'L@L""CqO)/’; £ - ) SPL\QNQ
W g =Sx=Ty = S Splene
V=3 = 4L ) Mok Sphexe




P 2135218

i cument is available on $ stUdocu
mail.co

d by Nayyab Asghar (nayyabasgharl3@g m)


https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

Example:

Find an equation of the cylinder with directrix C: y—z° =0 and having elements
parallel to a=[1 2 3].

Sl
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Example:

Find an equation of the right cylinder whose directrix is the circle with
centre{3,3,0) and the radius 4.

Gel,
o r-:ﬁ’]. "jr [}L\:"@ATI‘L

—

L — &1}_’—\: (‘B’MLﬁ L- iJL 2
C (&hQ) —($y0), %—L{

E{*ﬁj + (%3 o [a-8Y, g
¥l o 224

W 49 Jr% 6y, — 531.3@46
Wt g 2 o —6?{1—8_

is document is available on $ stUdocu
by Nayyab A

ar (nayyabasgharl13@gmail.com)


https://www.studocu.com/row?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=mth403-short-notes

Example:

Find an equation of the right cylinder whose directrix is tha circle with
centre{5,3,0) and the radius 4,

Gol,
o Fo 4 o e dyiy.
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